BIBLIOTECA
VIRTUAL ’(,

CALCULO |

Limites, Derivadas e Integrais
— Exercicios Resolvidos e Comentados «

Yk
C
flo+by /S y=f(x)
i
I
(S (xe+Ax) = f(x0)
Fl) | ___ AL '
. |
| |
| |
| I
| |
| |
| I
l Ax |
| A |
0 Xo xo + Ax X
Marcelo Santos

Chaves

1371

Limites, derivadas e inteqgrais

Marcelo Santos Chaves

Editado por la Fundacién Universitaria Andaluza Inca Garcilaso para eumed.net
_ Derechos de autor protegidos. Solo se permite la impresion y copia de este texto
= para uso personal y/o académico.

Este libro puede obtenerse gratis solamente desde
http://www.eumed.net/libros-gratis/2014/1371/index.htm

Cualquier otra copia de este texto en Internet es ilegal.



CAPA DO LIVRO

CALCULO |

Limites, Derivadas e Integrais
—FExercicios Resolvidos e Comentados <

Y !
C
flr+dx)y /- y=f(x)
i
|
(S (xo+Ax)— f(x0)
S(x) | AL '
1 :
| |
| |
| |
| |
| |
| |
| Ax |
| AL |
fa N -
O Xo Xo +ﬁ){ X
Marcelo Santos Chaves




CALCULO I: LIMITES, DERIVADAS E INTEGRAIS

Exercicios Resolvidos e Comentados

MARCELO SANTOS CHAVES

Belém-PA
Janeiro2014



C512c Chaves, Marcelo Santos

Célculo I: Limites, Derivadas e Integrais (exercicios resolvidos e
comentados).

93p. :il. Color. ; 21x30 cm.
Inclui referéncias

ISBN-13: 978-84-16036-29-5

1. Matematica. 2. Célculo Diferencial e Integral. 3. Exercicios. 4. .
Titulo.

CDD 510




A modesta contribuicdo que aqui
segue transcrita dedico ao infinito
Deus que nos concedeu o dom da
vida e ao meu paizinho e professor
Otévio, in memaoriam, pela
intransigéncia e perseveranca nha
moldagem de minha educagéo e
qualificacdo académica. Que este
livro seja a expressdo do profundo
amor que nos une, nesta vida e na
outra.



EPIGRAFES

“Se eu enxerguei mais longe, foi por
estar de pé sobre ombros de
gigantes.”

sir Isaac Newton

"Um nome pode permitir que sejas
lembrado, mas apenas as ideias o
tornaram um imortal.”

Marcelo Santos Chaves



APRESENTACAO

No Brasil as evidencias quanto ao fracasso na disciplina de Calculo Diferencial
e Integral (CDI) sdo elevadas, causando visiveis prejuizos no aproveitamento
de discentes da area das ciéncias exatas, ao ponto de conduzi-los a
sucessivas reprovacfes ou até mesmo ocasionando o0 seu jubilamento
(desligamento compulsério do curso). Essas sdo as conclusdes de Bressan
(2009), Rezende (2003), Frota (2001), Baruffi (1999) entre outros. Face a este
cenario desfavoravel na praxis do ensino superior, um dos grandes desafios na
area de ciéncias exatas atualmente é, sem sombra de dividas, encontrar
formas de superar o fracasso no ensino do Calculo. E é sob tal motivacdo que
o presente trabalho se prop8e a constituir-se em um escopo sistematico de
técnicas de resolucdo de problemas sobre Limites, Derivadas e Integrais,
ambicionando uma ilustracdo didatica e objetiva capaz de transpor o
conhecimento cientificopara um conhecimento capaz de tornar-se efetivamente

ensinavel.



PRESENTATION

In Brazil the evidence about the failure in the discipline of Differential and
Integral Calculus (CDI) are generally high, causing visible damage in the
exploitation of students in the area of exact sciences, to the point of leading
them to successive failures or even causing the your jubilamento (off course).
These are the findings of Bressan (2009), Rezende (2003), Frota (2001), Baruffi
(1999) among others. Against this unfavorable scenario in the praxis of higher
education a major challenge in the field of exact sciences is currently without a
doubt, find ways to overcome failure in the teaching of calculus. And under such
motivation is that this paper proposes to form themselves into a systematic
scope of technical troubleshooting on Limits, Derivatives and Integrals, coveting
a didactic illustration and objectively able to translate scientific knowledge into a

knowledge capable of making be effectively taught.



PRESENTACION

En Brasil, la evidencia sobre el fracaso en la disciplina de Calculo Diferencial e
Integral (CDI) son generalmente altos , causando dafios visibles en la
explotacion de los estudiantes en el area de las ciencias exactas , hasta el
punto de llevarlos a los sucesivos fracasos o incluso causar la Su jubilamento
(por supuesto) . Estas son las conclusiones de Bressan (2009), Rezende
(2003), Frota (2001), Baruffi (1999) entre otros. Frente a este escenario
desfavorable en la praxis de la educacion superior un gran reto en el campo de
las ciencias exactas es actualmente , sin duda , encontrar la manera de superar
el fracaso en la ensefianza del célculo . Y bajo esa motivacion es que este
trabajo se propone constituirse en un ambito de aplicacion sistematica de la
solucién de problemas técnicos de limites, derivadas e integrales , codiciar una
ilustracion didactica y objetivamente capaces de traducir el conocimiento

cientifico en un saber capaz de hacer ensefiar con eficacia.
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UM POUCO SOBRE A HISTORIA DO CALCULO

E bastante comum nos depararmos com literaturas que ratificam um
entendimento. O de que sir Isaac Newton (1642-1727) e Gottfried Wilhelm
Leibniz (1646-1716) foram oscriadores do Calculo Diferencial e Integral (CDI).
Mas sera possivel tomar ao pé da letra
tal assertiva enquanto verdade? Stewart
(2010), por exemplo, pontifica que as
ideias fundamentais por tras da
integracdo foram examinadas h& pelo
menos 2500 anos pelos antigos gregos,

tais como Eudoxio e Arquimedes. Além

disso, assim como Alarcon et. al sir Isvaac Newton

(2005), sabemos que os métodos para encontrar as tangentes foram criadas,
entre outros, por Pierre de Fermat (1601-1665) e Isaac Barrow (1630-1677). Da
mesma forma, concordamos com Almeida (2003) na
constatacdo de que Barrow, na condicdo de professor
em Cambridge que exerceu grande influéncia sobre
Newton, foi o pioneiro no entendimento quanto a
existéncia de uma relacdo inversa entre a derivacao e

a integracdo. Assim, concluimos que, o que Newton e

Leibniz fizeramnao tratou-se de uma criacao genuina

Isaac Barrow na acepcao da palavra, e sim utilizaram a relacao
descoberta por Barrow, para constituirem o Teorema Fundamental do Calculo,
e assim desenvolver o CDI enquanto disciplina matematica sistematica e
ensinavel. Portanto, € sob estes termos e ressalvas que atribuimos a Newton e

a Leibniz a primazia no desenvolvimento do CDI.
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1. LIMITES E CONTINUIDADES

x-1
1) lef(x) x 1
Solucéo:
Faca—u®=x
i )= £
i 1) =i

u—l

le (u-1)- (u2+u+1)

Lim f(u) =

- @-1)
L|m f(u)= le(u +u+1)
Lim f (u) = 1? +1+1

Lim f(u) =1
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2) I;irg]f(x):

Solugéo:

Lim f(x)=

e—>0

Lim f(x)=

e—-0

lef(x)

e—>0

Lim f(x)=

e—>0

Lim f(x)=

e—>0

Lim f(x)=

e—>0

13

Vx+e-+x
e

[JF f} { &]
g € Jxre+x

Wocref ]
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-0 EX(\/X%—eX\&)
Lim X+e—X
&0 px(yx+ex/x
. e

Lim

e exi\/x+ex\/§i
. 1

Lim

e—0 lx_l_eX\/;

. 1

Lim

=0 X+0><\/;

Lim f(x) (—)1
e—0 X

Lim f(x)=

e—>0

Lim f(x)=

e—>0

Lim f(x)=

e—>0

Lim f(x)=

e—>0

2\/_
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2Jx 2Jx
2Jx
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Jx
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3) lef(x) L|1§/_ \/_

Solugéo:

u-1

lef(u) Lim
u—l u_\/F

u-1
Lim f (u) = Lim
u—1 ( ) u—-1 u-— U’\/_

wW-1 u+uu
Lim f (u) =Li
ul—>m (U) uI—Tu U\/_ U+U\/—
Umf@D—UT 1(+uJﬂ
Lim f (u) = Lim (u-1 )(U +U+1)-(u+uJE)
u—1 u—1 _u2 '(U _1)
Lim f (u) = Lim (u? +u+1).(u+uJU)
u—1 u—1 _uz
Lim 0) = (12 +1+1)-(1+141)
u—1 _12

3><2

Lim f (u) =
=%
Lim f(u)=-6

u—1
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3 f—
4) Lnyf(x)zljm:iiil_}
X X—> X

Solugéo:

Faf}a—>u=3\/X+1<:>x:u3_1
-1

u=0 _1
(u-1)
L f Li
|m (u)= ULT (U_l)'(U2+u+1)

1

Lim f (u Lim
u—0 ( ) u—0 m

: 1
Lim f (u) =
u—0 w 12 +1+1

Lim f (u) =1



Jx+3-4/3 5 3x3

5) Lirgl f(x)= Lir(r)1 _ 6) Lim f(x)= Lim
X—> X—> X X—>+0

x>0 8X 42
Solucéo: Solugéo:
/ _ / . . 5-3x°
Lim f (x) = Lim x+3-V3 Vx+3+43 Lim f (x) = Lim
x—0 x—0 X \/m+\/§ X—>+0 x40 8X 42
2 2 5
. . - J 2 3x?
lef(x):le( X+3) (\/5) . . X (x Xj
X—0 x—0 X'(M‘f‘ \/g) XLJTO f(X) = )!_JJTO >
- X-|8+—
Lim f (x) = Lim x+3-3 ( Xj
x—0 x—0 X-( X+3+\/§) 1
() X (5'_3XZ]
Lim f(x) = Lim . . X
x—0 x—0 X'( /X+3+\/§) )|(__|Hnl f(X) = >!_—I>+nol—1
1 (8+2XJ
Lim f (x) = Lim
Xx—0 Xx—0 lx+3+,\/§ |'5.0_3.(+w)2‘|
1 Lim f(x) =
Lim f (x) = x> 8+2-0)
x>0 JoO+3+4/3 w
Lim f(x) = X
x>0 J3+4/3 Lim f (x) = —o
Lim £ () =2 233 i (g = 23
x>0 23 243 —0 x3
Lim f(x):ﬁ
x—0 6
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) . —5x*+2
7) Lim f(x)=LiIm ———
) X420 ) x>0 Tx3 43
Solugéo:
_ 3
Lim f(x) = Lim 5X—+2
X—>+00 X—>+0 7)( +3
_X3.(5_2j
3
Lim f(x) = Lim X
X—>+0 X—>+00 3 3
X -(7+3j

X
)
Lim f(x) = Lim—— X/

X—>+30 X—>+00 1
3 =
( x? j

Hm £ = (55 32 o()))
Lim f(x):‘75
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Vx?+1

8) L|m f(x) = Lim

xoro X +1
Solucao:
[v?2
Lim f(x) = Lim X2+l
X—>+00 x—>t+0 X 41
x? (1+12j
. : X
Lim f(x) = Lim
X—>+0 X—>-+00 1
x-(1+j
X
\/7- (1+12j
Lim f (x) = Lim X
X—>+00 X—>+00 1
x-(1+j
X

|
Lim f (x) = Lim

X—>+00 X—>+00 X (14_ 1)
X

(1+12)
X
Lim f(x) = Lim ———=
X—>+00 X—>+o0 ( ]_j
1+—
X
Lim f (x) =
X0 ()= 1+O
. 1
Limf(x)==
X—>+00 () 1
Lim f(x) =1

X—>+0
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9) Lim f(x) = Lim (\/x2 +1—+/x2 —1)

Solugéo:

Lim f (x) = Lim (\/x +1—+/x2 _1) VXZ +1+4/%% -

o o VX2 +1+4/x% -1
Lim f (x) = Lim (o) - (V1]

\/Xz -(1+12j+\/x2 .(1_12j
X X

Lim f (x) = Lim X’ +1-(x* 1)

X—>+0 X—>+0 \/— 1+7+\/_ 1_7

x> +1-x*+1

Lim f (x) = Lim
- . 2
Lim f (x) = Lim
X—>400 X—>+00 1 1

Lim f (x) = Lim

X—>+00 X—>+00 1 1
x.(J1+X2-+J1_X2j
X

2.1
Lim f(x) = Lim X
X—>+00 X—>+00 1 1
1+ 2 + 1_?
Lim f (x) = —2"9
0
Lim f(x) =—
Lim f(x) ==
X—>+00 ( ) 2
Lim f(x)=0

X—>+00
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10) Lim f(x)= Lim x('\/x2 —1—x)

Solugéo:
Lim f(x) = Lim x(\/x2 —1—x)
Lim f(x) = Lim (\/x2 —1)-x—x2

R

Ve =a) o~y

Lim f(x) = Lim 4
X—>400 X—>+00 /XZ -1 -X+X2
2 _1).y2 _ 4
Lim f (x) = Lim (¢ 1) x* —x
X—>+0 X—>+0 ) {m
X - +1
X
. . x* —x? —x*
Lim f(x) = Lim
X340 i Lm
X“ - +1
X
_y?2
Lim f (x) = Lim X
X—>+00 X—>+00 2_
xZ-L X 1+1J
X
Lim f(x) = Lim =t lim f(x) = Lim 1 =
X—>+0 X—>+00 /XZ _1 X—>+0 X—>+0 ) 1
+1 X“ e l-—r
X X +1
X
— Lim f(x) = Lim —1 —— = Lim () = Lim -1
Vx? - 1-— x-( 1—12J+1
X X

. . -1 . -1
= Lim f (X) = Lim — = Lim f(X) = ——
X—>+0 () X—>+0 1 X—>+0 () /1_0 +1 X—>+0
‘/1——2+1
X

Lim f (x) =—%

X—>+00
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= Lim f(x)=_—1:>
1+1



valv —1

v-1

11) Lim f(v) = Lim

V—>+0
Solucéo:

Faca — v = x*

x2/x? —1

Lim f (x) = Lim

X—>+0 ( ) X—>+00 3)(2 -1
: . ox%x-1

Lim f(x) = Lim

X—>+0 ( ) X—>+00 3X2 _1
i .o x3-1

Lim f(x) = Lim

X—>+00 ( ) X—>+0 3)(2 -1

)
X5l X=—
Lim f (x) = Lim —Xl

xz-(B ij
1
X_i
- - X2
Lim f(x) = Lim
X—>+o0 X—>+o0 1
3_?
Lim f (x) =~ =0
X—>+90 3-0
. + o0
Lim f(x) = —
X—>+0 () 3

Lim f (X) = +o0

X—>+0
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. . x"—16
12) Lim f(x)=Lim
Solugéo:
. . x"-16
L (0= Lin g5

4

Lim f(x) = Lim X~ 10 (1)
xX—2 x>2 8 —X (_1)

2
Limf(x):Lim(X2 -(4)-(1)
X—2 X—2 X3_8
Lim f(x) = Lim (¢ +4)-(x* ~4)-(-1)
X—2 X—2 X 23

im £ (x) = Lim \
S O =Lim (x—2)-(x? +2x+2?)

: (X2 +4)-(x+2)-(x-2)-(-1)
L|mf(x):L|m( (XEZ)-(X2+2X+4)

Lim f(x) = Lim (< +4) (x+2)-(-1)

X—2 X—2

x—2 x—2 (x2 +2x+4)
2

Limf(x):(z +f)'(2+2)'(‘1)

X2 (22 +2-2+4)

Limf(x)zw

X2 4+4+4

. -32

Lim f(x)=_—>%

er? (X) 12

. 8

Lim (=3
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3 —
13) Limf(x):Lim\/; 1
x—1 X1 \/;_1

Solucéo:

Faca — x =t°

3t —1

i f(0=tin -

N
. . 1P -1
Lim f() =L 5—
. N
Lim () =tn5—5
Lim (1) = Lim (D=1
1 ©1 (t—1)-( +1-t+1%)
Lim (t) = Lim -~
t—1 t>1 t°+t+1
. 1+1
Limf(t)= ———
A H 1 +1+1
. 2
Limf(1)=3

1.1 LIMITES LATERAIS

x?—4,sex<1

1) Dado f(x)=<-1sex=1 , calcule os limites das fungbes e esboce o
3-X,sex>1

gréfico.

Solucgéo:

Lim f(x)=Limx*-4=1"-4=-3

x—1" x—1"

Lim f(x)=Lim3-x=3-1=2

x—1" x—1"

Como:Lim f(x) = Lim f(x), Entdo LiT f (x) = N&o Existe
x—1" X—1" X—!

Agora vamos estabelecer os pontos:

Marcelo Santos Chaves
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x*—4,se x<1-> (1-3) f(x) = x* —4 — Parabola f(X)=3-x— reta

f(x)=4-1sex=1-(1-1) x?-4=0 3_x=0
3-x,5ex>1->(12) x> =4 x=3
X=+4
X=22

Esbouco do Gréfico (Raio x)

A 4

Marcelo Santos Chaves
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3x—2,sex>1
2) Dado f(x)=42,sex=1 , calcule os limites das funcdes e esboce o

4x +1,se x<1

grafico.

Solucgéo:

Lim f(x)=Lim3x-2=3-1-2=1
x—1*

x—1"

Lim f(x)=Lim4x+1=4-1+1=5

x—1" x—1"

Como:Lim f(x) = Lim f(x), Entdo LiT f (x) = N&o Existe
x—1" x—1" X

Vamos estabelecer os pontos:

3x-2,sex>1->(11) f(x) =3x-2—>reta f(x) =4x+1— reta
f(x)=12,sex=1-(L2) 3x-2=0 4X+1=0
4x+1 se x <1 (1, 5) ng x:—%

Esbouco do Gréfico (Raio x)

Y 4
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3) Dado f(x)=:2,sex=2 , calcule os limites das funcdes e esboce o

9—x%,sex>2

gréfico.
Solugéo:

Lim f(x)=Lim9-x*=9-2°=5

x—2" x—2*
Lim f(x)=Limx*+1=2*+1=5
X—2" X—2"

Como:Lirer f(x)= Lirzmj f (x), Entéo Liry f(x)=5

Vamos estabelecer os pontos:

X +1,sex<2—(2,5)
f(X)=42,5ex=2—->(2,2)
9-x*,sex>2—(2,5)

Esboucgo do Grafico (Raio x)

f(x)=x*+1— Pardbola f(x)=9-x*> — Parabola

x*+1=0 9-x*=0
x =1 x =g
X=3 X=13

N&o hé raizes para funcéo

Nota 1: A 1° Parabola descrita no grafico
esta preenchida até o ponto (2, 5), porque
a funcéo x? + 1 possui uma restricao x < 2.
Nota 2: A 2° Parabola descrita no grafico
esta preenchida a partir o ponto (2, 5),
porque a fungdo 9 — x?> possui uma
restricdo x > 2.

\4
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x-1 x<3 . . g
, calcule os limites abaixo e esboce o grafico.

4) Dado f<x):{3x—7 >3

a) Limf(x); d) Limf(x);

x—3" X—5"
b) Limf(x); e) Limf(x);
x—3* x—5%

c) Limf(x); ) Limf(x).

Solugéo:

a) Limf(x)=Limx-1
x—3" x—3"

Limf(x)=3-1
x—>3"
Limf(x)=2
X—>3~

b) Lim f(x)=Lim3x—-7

x—3* x—3*
Limf(x)=3-3-7
x—>3*

Lim f(x)=2
x—3"

c) I;ir?f(x)

SejaLim f(x)=Lim f(x),temos: Lirgl f(x)=2
x—3~ x—3" X—

Nas alternativas a seguir veja que para Lirp f (x), temos x para valores maiores
que 3, pois sua tendéncia é 5, logo, somente a funcdo 3x—7 satisfaz Lir? f(x),

pois sua restricdo é definida para x>3. Facamos entéo:

Marcelo Santos Chaves
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d) Limf(x)=Lim3x-7
X—57 X—5"
Limf(x)=3-5-7

X—5"

Limf(x)=8

X—5"

e) Limf(x)=Lim3x-7

x—5* x—>5*

Lim f(x)=3-5-7

x—5%

Limf(x)=8

x—>5*

f) Limf(x)

SejaLim f(x)=Lim f(x),temos: Lir? f(x)=8
Xx—5" x—5% X—

Esbouco do Grafico:

Vamos estabelecer os pontos parax — 3:

f(X): X—l, X£3—)(3,2) f(X):X—]__)reta f(X)=3X—7—)reta
3X-7,x>3-(3,2) X—1=0 3 _720
x=1 3x=7
7
X=—
3

Vamos estabelecer os pontos parax — 5:

3X—7,x>3—(58), p/Lim f(x)

f(X): X—5"
3X—7,x>3—(58), p/Lim f(x)

x—5"%

Dai ilustramos:
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1.2 LIMITES NO INFINITO E LIMITES INFINITOS

1.2.1 Limites no Infinito

[1I 1]

Se “n” € um numero inteiro positivo, ento:

1) leizo
X*)#—OOX

) Lim+ =0
X—>—00 ¥

- 0 o . . -
As expressoes 0w o—om,0°% 0xo0, 0?17 sdo todas indeterminagdes.
o0

Veja algumas resolucodes:

5-3x°
1 L|mf X) = Lim 3
) 0= Hm 2 2) L.mf(x)_Lum%
X—>+00 J,_
Solugéo: N
Solugéo:
Lim f(x) = L|m5 3 5x° +2
X0 o 8X+2 Lim f(x) = %
X-| ——3X 5 2
Lim f(x) = Lim—~—~ B ( _ij
X—>-+00 X—>-+00 X(S—i—zj lef(X) Lim 3
X X3'(7+3j
X
(5-1—3x2j £ 5. 1
Lim f(x) = Lim~2%_/ _ e
X—>+%0 X—>+o0 1 Lim f(X) =Lm-—~=
8"‘2* X—>+00 X—>+00 1
X 7+3-—;
X
2
Limf(x)=[5'0_3'(+°°)] . ~(5-2-0)
- 8+2-0) ggf(X)=—(7+3.o)
. — 00
Lim 1) =4~ Lim £ () =—>
Lim f (x) =—o0

X—>+00
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3) Lim f(x)=Lim

Solugéo:

Lim f(x) =

X—>+0

Lim f (x) =

X—>+0

Lim f (x) =

X—>+0

Lim f (x) =

X—>+0

Lim f(x) =

X—>+0

Lim f(x) =

X—>+0

Marcelo Santos Chaves

Vx?+1

xoto X 4+1

2
Lim VX +1
x—40 X 41
xz-(1+12j
] X
Lim

X—>+00 X(l-}-lJ
X

Lim

X—>+00 X (1+ 1)
X

Lim

X—>+00 X[]_q-lJ
X

Lim

X
X—>+0 (1—'_1)
X
v1+0
1+0
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4) Lim f(x) = Lim (\/x2 +1-/x° —1)

Solucéo:

2 2
Lim £() = Lim (\/XZ +1-x? _1)' \/Xz +1+sz —
X—>+o0 X—>+00 \/X I

Lim f (x) = Lim o 1] - 1

) e ()
X X

2 2
Lim f (x) = Lim X +1-(x-1)
\/_ +—+\/_ 1——

x> +1—x%+1

Lim f(x) = Lim
X /1+X12J+x-( 1_x12J
. . 2
Lim f (x) = Lim
X—>+00 X—>-+00 .. \/1+1+\/ _i
x? x?
2
Lim f (x) = Lim X

X—>+0 X—>+0 1 1
x-(\/1+)(2 +\/1—X2]
X

.1
Lim f (x) = Lim X
X—>+0 X—>+o0 1 1
1+?+ 1—?
. 2-0
Lim f(x) =
X0 ) V1+0++v1-0
Lim f(x)_i
X—>+00 1+1
Lim f(x):E
Lim f(x)=0
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5) Lim f(x)= Lim x(\/x2 —1—x)

Solucéo:

X—>+00 X—>+00

Lim £ (x) = Lim x(Vx? ~1-x)
Lim () = Lim [Vx? 1) x— x?

- b

W =2)of ~ ey

Lim f(x) = Lim
X—>+0 X—>+o0 [XZ _1 'X+X2
2_ . 2_ 4
Lim f (x) = Lim (¢ ~1)-x - x
X—>+00 X—>+00 ) (m J
X - +1
X
4_ 2_ 4
Lim f (x) = Lim — — X =X
X—>—+00 X—>+00 2_
X2 X 1+1
X
_ 2
Lim f (x) = Lim Z(
2| Y=l
X
Lim £ (x) = Lim ——= = Lim f (x) = Lim -1 N
X—>+00 X—>+00 1X2 _1 X—>+00 X—>+0 ) 1
+1 X“ | 1-—
X o X +1
X
-1 -1

= Lim f(x) = Lim

X—>+00

= Lim f(x) = Lim

X—>+00 1 X—>+00 X—>+o0 1
Vx1-5 x-( 1—2J+1

=

X 41 X
X X
= Lim f (x) = Lim =l o lim f(x)—_—1:> Limf(x)=— =
X—>+00 X—>+0 1 X—>+0 /11— 0+1 X—>-+o0 1+1
1-—+1
X
] 1
Lim f(x)=—-—=
X—>+0 () 2
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6) Lim f(v) = Lim vy -1
V—>+00 voto 3y —1

Solucéo:

Faca — v = x°

x2 x? -1

Lim f(x e
X—>400 ( ) x—>+oo 3)(2 -1

2 —
Lim f(x) = L|m x-1
X—>+00 X—>+o0 3)( -1

3
Lim f(x) = Lim X' —1
X—>+00 X—>+o0 3)( -1

)
X X=—
Lim f(x) = Lim —Xl

x2~(3—xzj
1
X="7
Lim f (x) = Lim —2
X—>+0 X—>+o0 1
3_X72
. o-0
Lim f(x) =
X—>+00 () 3-0
. + o0
Lim f (x) = —
X—>+0 () 3
Lim f(X) = +o0

Marcelo Santos Chaves
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2
7) lef(x)_le +3
x40 X + 2
Solugéo:
2
L|mf(x)—L|m +3
X—>+00 x>0 X 4+ 2
J
X+ X+—
Lim f (x) = Lim — %/
X—>+00 X—>400 2
X 8+j
X
X x+3~1J
Lim f (x) = Lim —’1‘
X 8+2-j
X
Lim f (x) = +2+0
X400 1+0
Limf(x):+Too

Lim f (x) = -0

X—>+00

31



1.2.2 Limites Infinitos

(119 4

32

Se “n” € um numero inteiro positivo qualquer, entao:

1
) Lim— =+w
x—0" X

1 {+w,se" nllé par

1) Lim—n: o o
x—0" X —o00,S€ N e 1mpar

. 0 o I . . ~
As expressoes6, —, -0, 0% 0xoo, 0®, 1” sd0 todas indeterminacdes.

e 0]

Veja algumas resolucodes:

1) Lim f (x) = Lim (x3+\/;+£J
x—=0 x—0 X
Solucao:

Lim f (x)=Lim (x3+\/§+£j
X—>! X

x—0

Lim f (x) = Lim x3 + Lim +/x + Lim 1
x—0 x—0 x—0 x=0 X

Lim f(xX)=0+0+o

x—0

Lim f(X) =+o0

x—0

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados

2) Lim f(x) =Lim |X|
x—0" x—>0*

x°
Solucéo:
. X, se x>0
Condlgao:|x|{
- X sex<0

Lim f(x)=Lim —|X|
+ - 2
x—0 x—0" X

Lim f (x) = Lim -

x—>0" x—0" X

Lim f(x)=Lim 1

x—0" x—=0" X
Lim f(X) = 4o
x—0"
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3) Ligj f(x) = Lim M

x—=0" X 2

Solucéo:

X

Lim f(x)=Lim g
x—0" x=0" X

: . =X
Lim f(x) = Lim —-
x—0" x—=>0" X

. : 1
Lim f(x) =Lim-—
x—>0" x—0" X
Como o exponte de x é impar, temos:
Lim f(x) = — (- )
x—0"

Lim f (x) =+ oo
x—0"

4) Na figura abaixo estd esbocado o gréafico de uma funcdo y = f(x). Complete
as igualdades.

o

[HEN
>
\4

x

Qe /

x—1" x—1*

a) Limf(x)=-x b) Limf(x):—% ¢) Limf(x)=+e d) Limf(x)=0

e) Limf(x)=-1 f) Limf(x)==1 g) Limf(x)=—% h) Limf(x)=-o
x—0" x—0" X—>+o0 X—>—00
Marcelo Santos Chaves T
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1.3 LIMITES EXPONENCIAIS
Relacdo Fundamental:
Lim (1+ l)x =e
X X
Inversado de variavel:

Se x=1
y

Entéo Lim 1+ y)% =e
Yy

Avrtificios de auxilio:

X k-x

.oat— .. a
Lim =lna < Lim
x—0 X x—0 X

Lim (1+ ky)§ =

y—0

Lim (1+ KJ =g’

X—0 X

Veja algumas resolucoées:

Marcelo Santos Chaves
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1) In_er f(x)=

Lim (2n+3j
noe \ 2n—1

n+1

n— o
w+l=0w..y >

Solucéo:
Faga:n+1=1.'.n=1—1:.
y
2n+3\"
Lim f(x) = Lim( J
X—>00 x—o \ 2n =1
_ 1
y
2(1—1 +3
Lim f(y) = Lim| —2~/
y—>0 y—o© 1
2-(—1 -1
Y
- 1
g—2+3 ’
Lim f(y) = Lim 32’
y—o0 y—© 7_2_1
LY i
- 1
g-|r1 ’
Lim f(y) = Lim | 2—
y— y— 2
—-3
Ly
1
{2 1+1Jy
Lim f(y)=Lim~Y /_
y—>0 y—o =
3
y
1 i
Lim 27 - Lim (1+1jy
. y—oo y—o0 y
Lim f(y)= -
y—>© i ;
Lim 2Y - Lim (— J
y—o0 y—© y
0
Lim f(y)= 2
y—o0
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. (5]
Lim f(y) = ——
1 = Lim f(y) 1

(1)

= Lim f(y)=-e
y—o



Tgx
2) Lim f(x)=Lim 1+i
. ot Tg x

Solucéo:

T
1 T )
Fa(;a:_r—:y.'.Tgx=—.'.
gx y Tg(%)=l:.y—>l
1 Tgx
Lim f(x)=Lim (1+—)
x—>2 x—>" Tg x

2

1
Lim f(y)=Lim 1+y)y
y—

y—1

Lim f(y)=(1+1)

y—1

Lim f(y)=2

y—1

1

3) Ligqf(x):l_i@(1+c:osx)m

o x>
Solucéo:
X — 3T
Faca: = L s y=Cosx.. 2
Cosx y Cos(%) =0..y—>0

1
Lim f(x) = Lim (1+ Cos x)cosx

X—>— X——
2 2

1
Lim f(y)=Lim(1+y)y
y—0 y—0
Lim f(y)=e
y—0
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4) Lim f(x) = Lim (1+ %)

X—>0 X—>o0

Solucao:

X—>0 X—>00

Lim f (x) = Lim (1+ Ej
X

10 10 |07
Faca:y=—. . x=—..910
X y —:0.'.y—>0
Lim f (x) = Lim (1+ j
Lim f =Lim 1+
Lim f (y) = Lim ( )y
1 10
Limf(y):Lim[1+y }
y—0 y—>
Lim f (y) =e®
y—0
x+3
5 _
6) Limf(x):Lim4 L
Xx—-3 Xx—-3 X+3
5.2 "%
5
Solucéo:
x+3
5 _
Lim f (x) = Lim 2+~ —1
X—-3 X—-3 X+3
5.2 %
5
x+3
145 -1
Lim f Lim =
xlrjg (X) xlrES X+3
5
XL'S
45 -1

. 1
Lim f L =-Li
d (x) = m 35 et X+3

5
Lim f(x)—l-ln4
x—>-3 _5
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X-2
5) L|m f(x) = Lim 10 !
X—2 X—2
Solucéo:
X2 _
L|m f (x) = Lim 10 !
x—2 X —2
Lmz1 f(x)=1In10
7) Limf(x)=Lim 5 =25
x=2 X—2
Solugéo:
Lim f(x) = Lim 5 =25
x—2 x=2 X —=2
X _ [E2
Lim f(x)=Lim > -5
x—2 x=2 X —=2
{5
L|m f(x)=LM—=-—+=
X—2 X_2
2 p(x-2) _
Lim f(x)=Lim ot
x—2 X—2 X —2
(x-2) _
Lim f(x)=Lim 5% -Lim > -1
x—2 x—2 x—2 X —2

Llry f(x)=5%-In5
Liryf(x):ZSIn5
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x-1

i . 34 -1
8) Limf(x)=LiM-——F—
x—1 x-1 Senb. (X —1)

Solucéo:
x-1 x1 3[)(7_1j -1
_ G E _ T . Bx—5_
00 = E Geng ey S 9= B0 o = S P09 = H0 e s
5Xx -5
3(%1J -1 3[%lj -1 1 3(%1J -1

= Linlw f(x)= Lim—4:>

o[
=L (09 =Un e 5 0 send -5

5-(x—1)-(jj
Lim £(x) = Lim —— = —== 1 Sen5x—5

Ex_5  Bx-5 5x—5
x-1
5
Limi-Limu
x>1 20 x-1 Xx—-1
= Lim f(x) = L Lim (0= 2=-In3
el - . Sen5x-5 X1 20
Lim—
x—1 5x -5
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e—ax _ abx
9) Lim f(x)=Lim
x—0 x—0 X
Solucéo:
e—ax —bx
Lim f (x) = Lim
x—=0 x—0 X
—bx e—ax |
Lim £ = Lim ——=
e
Lim f (x) = Lim e ™. Lim

x—0

Lim

x—0

x—0

x—0

f(x)=e™. In[e_: j
e

Lim f (x) =e°-(Ine —Ine™)

Lim f (x) =1-{log? "~ loge ")

Lim f (x) =-a—(-b)

x—0

Lim f(x)=b—a

x—0

Marcelo Santos Chaves
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1.4 LIMITES TRIGONOMETRICOS

Relacdo Fundamental:

Lim

x—0

Veja algumas resolugodes:

1) Lim f(x)= Lim 212X
x—0 x—0 X

Solucéo:

Lim £ (x) = Lim 212X

x—0 x—0 X

Lim f(x) = Lim >2n2X .2

x—0 x—0 X 2

Lim f(x) = Lim 2. 212X

x—0 x—0 2X

Lim f(x) = Lim 2- Lim 22N2X

x—0 x—0 x—0 2X

Lirp f(x)=2x1

Lim f(x)=2

x—0
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Senx

—=1

2) Lim £ (x) = Lim 21X
Xx—0 x—0 Sendx
Solucao:
Lim £ (x) = Lim >21°X
x—0 x—=0 Sendx
Sen3x
Lim f (x) = Li X
xl—>rp (X) xl—g)] Sendx
X
Sen3x .§
. T X 3
I;Lrp F0) = I;Lrp Sendx 4
X 4
3. Se;n3x
M 00 = LI e ax
4.
4x
Liry 3 LirQ SZnSX
Lim f(x) = 29X
x—0 Lim 4- Lim Sendx
x—0 x=0  4X
Lim f (x) = 3x1
x—0 4x1
: 3
Lim 100 =

40



3) Lim f(x) = Lim 19X
x—0 x=0 X

Solucéo:
Lim f (x) = Lim 19X
x—0 x—0 X

Senx
Lim f (x) = Lim £OSX
x—0 x—0 X
Lim f (x) = Lim 27X 1
x—0 x=»0 COSX X
Lim f (x) = Lim 52X, _1
x—0 x—0 X Cosx
Lim f (x) :1~L
X0 Cos0
Lirp f(x)=1x1
Lim f(x) =1

x—0
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CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados

41

4) Lim f(x) = Lim 22501
x—0 x—0 2]
Solugéo:
Lim £ (x) = Lim 2280 =1
X—6 X—6
Lim f (x) = Lim Cos@—l_ Cosf +1
x>0 x>0 0 Cosf +1
29 12
Lim £ (x) = Lim <2501
x>0 x>0 @-(Cosd +1)
2 —
Lim £ (x) = Lim -3 0-1
x>0 0 @-(Cos@ +1)
_ 2
Lim £ (x) = Lim ——>"0
x>0 x>0 @-(Cos@ +1)

(Send)-(Send)

Lim f(x) = Lim —-1-

x>0 x>0 6-(Cos@ +1)
Lim f (x) = Lim —1. 2219, _5€n¢
x>0 x>0 0 Cosf+1
Lim £ (x) = —1x1. N0

X—0 CosO0+1

. 0
Limf(x)=-1.—

x>0 ) 1+1

Lim f (x) = —1x0

X—6

Lim f (x) =0

X—6



x—0

5) Lim f (x) = Lim 20X
x—0 X

Solucao:

Lim f (x) = Lim Sen9x

x—0 x—0 X

Lim f (x) = Lim Sendx 9

x—0 x—0 X 9

Lim f(x)=Lim9- Sendx

x—0 x—0 Ox

Lim £ (x) = Lim 9- Lim ~on9X

x—0 x—0 x—0 9x

L|m f(x)=9-1

L|m f(x)=9

7) Limf(x) = Lim Sen10x
x>0 Sen7x
Solucao:
Lim f (x) = Lim Sen10x
x—0 x>0  Sen7x
Sen10x
Lim f =Li
xl—>r(r)1 (X) xl—g)] SQn?X
X
Sen10x 10
Lim f(x) = Lim — X 10
xl—>rp (X) ><I—>r(r)1 Sen7X.Z
X 7
LleO-Lhy Siifox
Lim f (x) = = = X
X—0 Lim 7- Lim Sen 7x
x—0 x—0 7X
L|mf(x)_39—1
7-1

: 10
im0 =3
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6) Lim f (x) = Lim ~n4X
x—0 x—0 3x

Solucéo:

Lim f(x) = Lim Sendx

x—0 x—0 3x

lef(x)—-l_lml Lmsen4x-i

x—0 x>0 3 x-0 X 4
Lnnf(x) Un1l-LHn4-Sen4X
x—0 x—>0 3 x-0 4X

I_|mf(x)--l_|mE Lim 4-Lim

Lnnf(x) = 4 1

x—0 3
4
Lip 00 -3
8) Lnnf(x) Lim Sen ax
x-0 Senbx
Solugéo:
Lim f (x) = L m Senax
XHO Senbx
Sen ax
Lim f (x) = Lim 2%
XLT (X) xl—g] Senbx
X
Senax_g
X a
Lnnf(x)_.&ﬂy Senbx b
X b
Lirgl a- Lirg] Senax
Lim f(x) = —— = aX
=0 Limb- Lim Sen bx
X—0 x—0 bx
a-l
Lim f (x) = —=
x—0 ( ) b 1
a
Lim 00 =

42

Sen4x

x—0 x>0 3 x>0 x—0 4x




43

T [x+1j
9) Lim f(x)=Lim Tgax 10) Lim f () = Lim S . A/
x—0 X x—>-1 (X +1)
SOIUQ&O: Solugéo
Lim £ (x) = Lim 193X 3 x+1
x—0 x—0 X Tg T
Lim f (x) = Lim
Zen ax X1 () = o1 (x+1 8
. 0sax
Lim f (x) = Lim
x—0 ( ) x—0 X 3 Tg3(lej
. Senax 1 Lim f — Li
Lim f (x) = Lim Nl im f(x) = Lim
250 ( ) x>0 Cosax X x—>-1 x—>-1 3/(X+1)3
lef(x)_Lim Senax 1.2 Tg(XJrlj
X0 x>0 Cosax X a . .
s 1 Llnl f(x)= Lml W
Lim f(x)=Lima- enax. X+
x>0 x>0 ax  Cosax X+1
5 L Fa(;a—>u:T.'.x=4u—1
Lim f (x) = Lim a- Lim 2222 Lim _ _
x—0 x—0 x>0 ax x-0 C0Sax Se:x—>-l.u->nrx
1 Tgu
Lim f (x) = Lim ———
IILm fe)=a-l Cos0 u-z (0= uor 4y —1+1
Tg u
Lim () =a-1-3 Lim £(x) = Lim = =
Lim f(x) =a Senu
Lim £ (x) = Lim 2°8Y
u-z usz 4y
Lim £ (x) = Lim 274 1
u-z u>z Cosu 4u
Lim £ (x) = Lim 22" Lim =
u-z u»>z Cosu u—~ 4u
Lim f (x) = —on?. L
u—z Cosz 4rx
Lim f(x) _0.1
u—7z -1 4z

Limf(x)=0

V=

Marcelo Santos Chaves
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13) Lim f(x) = Lim

Solucéo:

Lim f(x) =

x—0

Lim f (x) =

x—0

Lim f(x) =

x—0

Lim f (x) =

x—0

Lim f (x) =

x—0

Lim f (x) =

x—0

Lim f(x) =

x—0

Lim f (x) =

x—0

Lim f (x) =

x—0

Lim f(x) = —1x(-1)

x—0

Lim f(x) = —1x(~1)-

x—0

Lim

x—0

Lim

x—0

Lim

x—0

Lim

x—0

Lim

x—0

Lim

x—0

Lim

x—0

Lim

x—0

Lim

x—0

1-Cosx

1-Cosx

X

~1-(Cosx-1)

X

-Lim

- Lim

x—0

-Lim

x—0

- Lim

x—0

Cosx-1

X

Cosx—l.Cosx+1

X Cosx+1
Cos? x —1?

Cos® x—1

— Sen?x

x-(Cosx+1)
x-(Cosx+1)

x-(Cosx +1)

—(Senx)-(Senx)

x-(Cosx+1)

—1-(Senx)

X

. Sen0
Cos0+1

Lim f (x) = —1x(-1)x0

x—0

x—0

Marcelo Santos Chaves

Lim f (x) =

0
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0

1+1

Lim (Senx)
-0 (Cos x +1)
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12) Lim f (x) = Lim ~— 05X

x—0 x—0 X
Solugéo:

. . 1-Cosx
Lm0 =L ——
Lim f(x) = Lim M
x—0 x—0 X
Cosx-1

Lim f(x) =Lim —1-Lim

x—0 x—0 x—0 X

Cosx—l_ Cosx+1

2

Lim f(x) = Lim —1-Lim

x—0 x—0 x—0 X2 Cosx+1
2y 12

Lim f (x) = Lim —1- Lim 2 =1

x—0 x—0 x-0 X .(Cosx+1)
2 J—

Lim f (x) = Lim —1- Lim =% *=1

x—0 x—0 x-0 X .(Cosx+l)

—Sen®x

Lim f(x) = Lim-1-Lim ————
x—0 ( ) x—0 x—0 X2~(COSX+1)

—(Senx)-(Senx)

Lim f(x) = Lim —1-Lim

x—0 x—0 x—0 X‘X’(COSX+1)

Lim f (x) = Lim —1- Lim (Senx) | i (Senx) g -1
x—0 x—0 x—0 X x—0 X x—0 (COSX+1)
Limf(x):—lxlxl-_—l

x—0 Cos0+1

. -1

Limf(x)=-1.—

x—0 ( ) 1+1

Lim f (x) = —1.[ -+

x—0 - 2

. 1

Lim 100 =5

Marcelo Santos Chaves
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13) Lim f(x) = Lim (x—3)-Cosec(nx)
Solucao:

Lim f (x) = Lim (x —3)- Cosec(nx)

x—3

. . 1
I;I—g] f(X) - I;I—I? (X_S). Sen(ﬂx)
Lim f (x) = Lim ﬂ
x—3 x—3 Sen(ﬂ- m()

lim(x=3)
lef(X) I;I_,r? Sen(37r ”X)

(x-3
Lim f(x) = Lim (X 3
x—3 X—3 Seni37l' 7Z'X)

(x-3)

—

N—

1
0 = SenGr =)
7-(x-3)
Lim f (x) = Lim !
X3 -3 7-Sen(3z — 7x)
(7zX—37r)
1
Lim £(x) = Lim _ Sen(zx —3r)
(727(—372')
_ Lir?l
Lim £ =— . Sen(m—3r)
Limz-Lim———————=
x—>3 x—3 (ﬂx_37z-)
. 1
Limf(x)=—
M) =1
Lim f(x) = 1
X—3 T

Marcelo Santos Chaves
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14) Lim f (x) = Lim Ox=Sen2x
x>0 2X + 35en4x

Solucéo:
Lim f (x) = Lim X = Sen2x
x>0 x>0 2X 4+ 3Sen4dx
6x—Sen2x-%
Lim f (x) = Lim 24Xx
0 ® 2x+3Sendx- 2
4x
6 _ZX(SeZanj
Llrpf(x)_le SX4
” % ox+3-4x ( en Xj
4x
6X_2X_(Se2n2xj
Lim f (x) = Lim 5 X4
2% +12x ( en X)
(Seanj
lef(x) le ond
(2+12). ( en Xj
L'T (Seanj
L|mf(x) Send
Lim (2 +12) ( en Xj
Lim f (x )_ﬂ
x>0 2+12x1
L 109= 1,
2
Lim 109=3



Cos2x—Cos3x

X2

15) Liry f(x)= Liry

Solucéo:

Lir(r)1 F(x) = Liry Cost—2C033x

X
_2en 2x;3xj.Sen(2x;3xj
Lim 0 = iy -
—2Sen ?J-Sen(—éj
Lim 0 = iy .
—2Sen 5;}{— Sen(;ﬂ
L £09 = i <
2Sen 5Xj-8en(xj
Lim f (x) = Lim 2 2
x—0 N x—0 X2
2Sen Q Sen X
) . 2 2
Lim f (x) = Lim .
x—0 x—0 X X
2Sen 5;) Sen(;j ZSen(szxj Sen(;)
Lim f (x) = Lim . = Lim f(x) = Lim : =
x—0 x—0 X 2 x—0 x—0 X X
X-| = 2.1 2
¢ 3)

— Lim f(x) = Lim ——~ 27/ 2
x—0 x—0 5 X
X. — _
HEH
Sen(szj Sen@j
= Lim f(x) = Lim =- Lim -Lim
x—0 x—0 2

R

= Liry f(x) = Lim

2
x—>0 (SX)
2

= Lirgl f(x)==x1x1

N | Ol

:Limf(x):g

x—0

Marcelo Santos Chaves
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16) Lim f (x) = Lim

1-2Cos x + Cos 2x

2

X
Solucéo:
Lim f (x) = Lim 1-2Cos x + Cos 2x
x—0 x—0 X2
_ _ 2
Lim f (%) = Lim 1-2Cosx+1-2Sen“x
x—0 x—0 X2
_ _ 2
Lim f (x) = Lim 2—2Cos x—2Sen“x
x—0 x—0 X2
_ _ 2
Lim f (x) = Lim 2 [1 Cosx—Sen x]
x—0 x—0 X2
2-{28en2(;j—8en2x}
Lim £09= iy .
4Sen2(;j—25en2x
Lim 100 =iy ——
4Sen2(;j 2Sen’x
Lim 100 =iy — ===
4Sen2(;j -
Lim f (x) = Lim _ X
x—0 x—0 X - X X
4Sen2(;j -
Lim f (x) = Lim _ oo
x—0 x—0 (2) (2) X
X ol — |- X o —
2 2
4Sen2(;j -
Lim f (x) = Lim _ooenx

x—0

= Liry f(x) = Lim

SEeRE

x—0 2 x—0 x—0

2

= Lim f(x) =1-2

= Liry f(x)=-1

Marcelo Santos Chaves
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Senz()z(j
———< _Lim2-Lim ——

:>Lirg1f(x)=

Sen?x

XZ

Lim

x—0
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CAPITULO Il
ESTUDO DAS DERIVADAS

Marcelo Santos Chaves
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2. DERIVADA DE UMA FUNCAO

2.1 REGRAS DE DERIVACAO

2.1.1 Derivagéo pela Regra do Produto

Formula:

h(x)=g(x)- f*(x)+ f(x)-g'(x)

Veja algumas resolugdes:

Marcelo Santos Chaves

1) y=(2x+1)-(3x* +6)

Solugéo:

y'=(2x+1) -(3x* +6)+(2x+1)-(3x* +6)
y'=2-(3x% +6 )+ (2x+1)-6x
y'=6x>+12+12x* +6X

y'=18x* +6x+12

2) f(x)=(1+3x)-(5-2x)

Solucéo:

f'(x)=(1+3x)-(5-2x) +(5-2x)-(1+3x)
f'(x)=(1+3x)-(-2)+(5-2x)-3
f'(x)=-2-6x+15-6X
f'(x)=-12x+13

3) f(x)=(1+5%%)-(2+3x)

Solucéo:

f'(x) = (1+5x%)- (2+3x)+(2 + 3%)- (L+ 5x°)
f'(x)=(1+5x2)-3+(2+3x)-10x
f'(x)=3+15x* + 20x + 30x°
f'(x)=45x*+20x+3

CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados



2.1.2 Derivacéao pela Regra do Quociente

Formula:

h(X): g'(X)' f(X)— fl(

x)-9(x)

[fO0f
Veja algumas resolugodes:

_2x+4
= 3x-1
Solugéo:
(2x+4) -(3x-1)—(2x+4)-(3x—1)

(3x—1)°
2-(3x—1)-(2x+4)-3
(3x-1)

. 6x—2—(6x+12):> = 6Xx—2-6x—12
(3x -1y’ (3x -1y’

1)

X—8
3x—-4

2) f(x)=

Solucéo:

f'(x)=

(3x—4)-(x—8) -(x—8)-(3x—4)

(3x—4)

f(x) = (3x-4)-1-(x-8)-3

(3x—4)
3x—4-3x+24
(3x—4)

20
(3x—4)

f(x)=

f'(x)=

Marcelo Santos Chaves
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4x?% +5X

D015

Solucgéo:
(x+3)2-(4x? +5x) - (4x? +5x)- [(x+3)2]

[(x +3Y ]2

(x+3)° -(8x+5)-(4x2 +5x)'2(x+3)~(x+3)'

f1(x)=

reo= (x+3)
, X+3) -(8x+5)-(4x? +5x%) (2x+6)-1
F(x) =

(x+3)*
, (x+3)*-(8x+5)-(4x* +5x)- (2x + 6)
f'(x)=

(x+3)*

2.1.3 Derivacéao pela Regra da Poténcia

Formula:

f () =n-JuOO)™ - u(x)]

Veja algumas resolucodes:

1) y= (x2 +5x +7)7
Solucéo:

y=7-(x+5x+7) -(x? +5x+7)
y=7-(x+5x+7) -(2x+5)
y = (x? +5x+7) -(14x+ 35)

Marcelo Santos Chaves
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2) f(x)=+/(x* +2x+14)

Solucéo:
f(x)=(x? +2x+14)"?

f%x)=%~@2+2x+1®*”-Q2+2x+1®

f%x)zé-@2+2x+1®*”-@x+2)

- 1 (2x+2)

1/2

(x2 +2X + 14)
(2x+2)

VX% +2x+14

2X+2

2VXx% +2x+14

f'(x)=

f(x)=

N, N

f(x)=

2.2 DERIVACAO DE FUNCOES PARTICULARES
2.2.1 Derivacéo de Funcédo Exponencial
Formula:

f'@“)=a"-u -Ina

Veja algumas resolugodes:

1) y — 32x2+3x+l

Solucéo:

y =32 (2x2 +.3x+1) -In3
y =327 (434 3)In3

Marcelo Santos Chaves
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Jx
2 (3

Solucéo:

:>y': % %il“‘]_

(x)2

Jx

N1 1
Sy=[=] -=.—=In=

Y 2 2 Jx
Ly (1)Lt
2) 2Jx 2

2.2.2 Derivacéo de Funcédo Exponencial de Base €

Formula:

f'(x)=e*-(x)
Exemplo:

f(X) _ e(x2+x)
Solucéo:

f'(x)= gbé+x) -(x2 + x)

f'(x):e(X ) oy
F(x)=2x-el )

2.2.3 Derivagédo de um Logaritmo Natural

Formula:

Exemplo:

Marcelo Santos Chaves
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y=1In(3x* -7)
Solugéo:
. (Sx2 —7)‘
32 -7
. bXx
T

2.2.4 Derivacao de Funcao Logaritmica

Formula:
u
f'\log. )=
( ga) u-Ina
Exemplo:
y = Iogg3x2+7x—1)
Solucéo:
(B +7x-1)
(3x% +7x—1)-In2
) 6X+7

Y (3x% +7x—-1)-In2

2.3 DERIVACAO DE FUNCOES TRIGONOMETRICAS

Rela¢des Fundamentais:

1) y = Senx 2)y =Cosx 3)y=Tgx
Solugéo: Solucéo: Solugéo:
y'=Cosx-x' y'=-Senx-x' y'=Sec’ x- X'
5)y=_Secx 6)y=_Cossecx

Solugéo: Solucéo:

y'=x"-Secx-Tg X y'=—-x"-Cossecx-Cotg x

Veja algumas resolugdes:

Marcelo Santos Chaves
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4) y =Cotg x
Solucéo:

y'=—x"-Cossec’ x
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1)y=Secvx-1 2)y:Cossec(x2+4)
Solugéao: Solucéo:
Y'=(\/X—1)'590\/X—1'TQ Jx-1 y' = —(x? +4) -Cossec (x* +4)-Cotg (x* +4)
ot sedcing T Y 2xCosenls)coules
y':%-( —1)‘%-Sec\/x—1-Tg Vx—-1
y'=1 ! -SecvVx—1-Tg vx-1

2 (x-1)

1 1
== -Sec/x—1-Tg Vx-1
PN J

1

'=———-Sec/x—1-Tg Vx-1
Yok 1 |
3)y=Cotg(x3—2x) 4) y = Cos 3x*
Solucéo: Solucéo:
y' = —(x* —2x] - Cos sec*(x* — 2x) y'=—(3x?) - Sen 3x?
y' = —(3x2 - 2)- Cos sec? (x* - 2x) y' =—(3x?) - sen3x?
y':(—3x2+2)-Cossecz(x3 2x) y =—6X-Sen3x2

5)y=Tg>(3x+1)
Solucéo:

-(3x+1)

Marcelo Santos Chaves
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2.4 DERIVACAO DE FUNCOES TRIGONOMETRICAS INVERSAS

Formulas Fundamental:

1) (arcSenu) =

1-u?
2) (arcCosu) = ——2
1-u?
3) (arcTgu) =
) (arcTgu) 1+u?
. u
4) (arcSecu) = ———
- vu? -1
5) (arcCossecu) = — =
uf-vu? -1
Veja algumas resolugdes:
1) y:arcSen«/;
Solugéo:
[ lJ 1 11
: X2 2 51
~.X 2 d
y'=JJ—;L:>y= sy =2— oy =X
1_(\/;)2 1-x 1-x 1-x
1
2./x 1 1 1
d 1-x d 2% 1-x y 2% -A1-x

2) y=arcTg x*
Solucéo:

Marcelo Santos Chaves
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2.5 DERIVACOES DE ORDEM SUCESSIVAS

Veja algumas resolugodes:

1) y=3x>+8x?,

Solucéo:
y =15x* +16x
y =60x%+16

y" =180x*
y
y
y

n==6

2.6 DERIVACOES HIBRIDAS

2) y=e?,
Solucgéo:
, = x'
=e2 .|l =
Y (zj
y =e?
.1z
:_eZ
y 2
. 1 2
=_.e2.
v =gt
.11 2
=_._.p2
y 2 2
y":%.ezj
Ly oLl
4 2

2.6.1 Envolvendo Regra da Poténcia e Quociente

Veja algumas resolugodes:

Marcelo Santos Chaves

X
N~

N |-

<:
N

@D
N | x
U
<

(¢°]

) y=(3x+2
Xx+1
Solugéo:
5. 3X+2 4' 3x+2j
y= X+1 X+1
y—s5.[3x+2 P ((Bx+2) - (x+1)=(3x+2)-(x+1)
x+1 (x+1)
y—s5.[3x+2 *(3:(x+1)-(3x+2)1
X+1 (x+1Y
yos. 3x+2) (3x+3-3x-2
x+1 (x+1)°
, 3x+2) 1
y=5. . 5
X+1 (x+1)

CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
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(5x2 + 3x]’

2) Hx)= (2x2 +x)3

Solucgéao:
£ (x) = (2x2 + x)3 .[(5x2 +3x)4]'— (5x2 +3x)4 -[(ZXZ + x)sl'
[(sz + x)3J2
F(x) = (2x2 +x)3 .4.(5x2 +3x)3 .(5x2 +3x) - (5x2 +3x)4 -3~(2x2 +x)2 ,(sz +x)
[(ZXZ + x)sJ2
F(x) = (sz +x)3 .4.(5x2 +3x)3 -(10x+3) - (5x2 +3x)4 -3-(2x2 +x)2 (4x+1)
kZXZ + X)3J2
£ (x) = (2x2 + ) - (5x% +3x) - (40x +12) — (5x® +3x) - (2x® + xJ - (12x+3)
(2x2 + x)

2.6.2 Envolvendo Regra da Poténcia e Produto

Veja algumas resolucodes:

1) y:(3x2 +1)3 -(x—xz)2

Solucéo:

y = [(3x2 +1)3]'-(x—x2)2 +(3x2 +1)3 -[(x—xz)z]'

y'=3-(3x2 +1)2 ~(3x2 +1) -(x—xz)2 +(3x2 +1)3 -2-(x—x2)-(x—x2)
y=3-(3x* +1f -6x-(x=x2 ] +(3x2 +1) -2 (x = x*)- (1-2x)
y'=18x-(3x2 + 1 - (x=x2f + (3x? +1) - (2x - 2x?)- (1- 2x)

2) f(x)=(6x2+3x)'-(2x* +x)°

Solugéo:

f'(x) (5x2 +3x)4 (2x7 +x)+(2x% +x)° ~(5x2 +3x)4'

f'(x) (5x2+3x) -3-(2x2+x)2-(2x2+x)'+(2x2+x)3-4-(5x2+3x)3-(5x2+3x)
f'(x) (5x2+3x) -3-(2x2+x)2-(4x+1)+(2x2+x)3-4-(5x2+3x)3-(10x+3)
f'(x) (5x2+3x) -(2x2+x)2-(12x+3)+(2x2+x)3-(5x2+3x)3-(40x+12)

Il
S

S

S
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2.6.3 Envolvendo Regra do Quociente e Funcao Exponencial na base €

Exemplo:
x+1
y:ex—l
Solucdo:
X+1 !
y'=ext. X—H] ‘Ine
x—1
y:e%' (x+1) -(x=1)—(x+1)-(x-1)
(x—1)
o (1(x=1)=(x+1)-1
y':ex—l_ (X (X)_:E)Xz+ ) }: y':ex—l_

J.l

xel

2.6.4 Envolvendo Regra do Produto e Funcédo Exponencial na base €

-(x-Inx) -Ine
(X Inx+x-Inx )-1

Exemplo:
y — ex»Inx
Solucéo:
y- — e><»In><
y. — ex»Inx
y. — e><-In>< .
y- — e><-In><
y- — e><»In><

2.6.5 Envolvendo Logaritmo Natural e Regra do Quociente

Exempilo:

Marcelo Santos Chaves
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yzln( € J
Xx+1

Solucso: |
) ((Xz:xljj . (") - (x +E)1();1(;]X).(XJF1) )

X;(X<+1)1_>Z(ex) 1 1“; o)
=Yy= x+x =>y= x; Ly X;rx 3
Ly Y [x[+X1+11]. (x+1)_ (:H) (x+1}

(x+1)? o (i)

2.6.6 Envolvendo Func¢des Trigonométricas e Regra do Quociente

Exemplo:

Cos 4x
V= 1-Sen4x
Solucgéo:
(Cos 4x) -(1-Sen 4x)—(Cos 4x)-(1—Sen 4x)
(1-Sen 4x)’
(—4x) -(Sen4x)-(1—Sen 4x)—(Cos 4x)-(—4x) -(Cos 4x)
(1-Sen4x)’
—4-(Sen4x)-(1—Sen4x)+4-(Cos 4x)-(Cos 4x)
(1-Sen4x)’
., —4-Sen4x+4-Sen” 4x +4-Cos?4x
- (1-Sen4x)’
. —4-Sen4x+4-(Sen’ 4x+ Cos?4x)
Y= (1-Sen 4x)’
. —4-Sen4dx+4-(1)
~ (1-sen4x)?
4-(—Sen4x+1)
(1-Sen4x)’

. 4
= (1-Sen4x)
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2.6.7 Envolvendo Fung¢des Trigonométricas e Regra do Logaritmo Natural
Exemplo:

y = In (Cossec x + Cotg x)
Solugéo:

. (Cossec x +Cotg x)
= (Cossec x + Cotg x)

. _ (Cossec x) +(Cotg x)
(Cossec x + Cotg x)

y = (~Cossec x-Cotg x )+ (— Cos sec’ x) oy Cossec x - Cotg x — Cos sec’ X
(Cossec x + Cotg x)

(Cossec x + Cotg x)

., —Cossec x-(Cotg x+Cossecx)
= Y= = y'=—-Cossec x
(Cossec x + Cotg x)

2.6.8 Envolvendo Func¢fes Trigonométricas Inversas e Regra da Func¢éo
Composta

Exemplo:

y:XSenx
Solucéo:
y'=Senx-x* . x +x%*.Senx -Inx
y'=Senx-x** . x1.14+x**.Cos x-Inx

1
y'=Senx- x> .=+ x>"*.Cos x-Inx

X
. Senx.x¥*
y=—""T " 4+ x**.Cos x-Inx

X
Sen x
y' = x>"% -(—+Cos x-Inx
X
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2.6.9 Envolvendo Func¢bes Trigonométricas Inversas e Regra da Funcao
Poténcia

Exemplo:

y = (1+arc Cos 3x)’
Solugéo:

y =3-(1+arcCos 3x)*™" - (1+arc Cos 3x)

y =3-(1+arcCos 3x)* - 0+ﬂ
J1-(3x)
' -3
y =3- 1+arcC053x2-[—]
( S W
9-(1+arc Cos 3x)’

J1-9x?

y':_

2.6.10 Envolvendo Func¢des Trigonométricas Inversas e Regra do
Logaritmo Natural

Exemplo:

y=In (arch x2)
Solucgéo:

(arch xz)

(arcTg x?)

()

2
1+(x?

y =
2X
3
Y = arcTg x =Y :(%:} y = (1if<4)'(arc'l%g xz):>
=Y =T freTa )

2.6.11 Envolvendo Func¢des Trigonométricas Inversas e Regra da Funcgéo
Exponencial

Exemplo:
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y = garc Sen x°
Solucao:

y =3"%" . (arc Senx*) -In3

: I }-Infﬂ
Vi

B 2

y' =3arcSenx3 . 3X :||n3
| V1-x°

- 3arcSen x3 _3X2 .In3

y =
V1-x8

' arc Sen x°
y =3

[EN
| >
w
=<
w
N—
N

2.6.12 Envolvendo FuncBes Trigonométricas Inversas e Regra da Fungéo
Composta

Exemplo:

y — (-I-g X)arctg X
Solucgéo:

y =(arctg x)-(Tg x)*" "™ -(Tg x) +(Tg x)™"* - (arctg x) -InTg
y = (arctg x)-(Tg x)™“*-(Tg x)™ -(Tg x) +(Tg x)*** - (arctg x) -InTg

y =(arctg x)-(Tg x)amgx~(_|_ 1 ; -Sec?x-x +(Tg x)*<” ~1X—2-InTg
g X + X
y =(arctg x)-(Tg x)™" —(Tgl X)-Seczx-1+(Tg x) e To : ~-InTg
+ X
y - (arctg x)-(Tg x)™*"* - Sec’x . (Tg x)™"“*-InTg
(Tg x) 1+x°
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3. INTEGRAIS INDEFINIDAS
3.1 REGRAS DE INTEGRACAO

3.1.1 Pelo Teorema Fundamental do Célculo

Formula:
n+1
Ix”dx:x +C
n+1
Exemplo:
Ix“dx
X4+1
f(x)=
(X) 4+1
X5
f(x)=—+C
(x) c
3.1.2 Para uma Func¢é&o Exponencial
Formula:
k-x
ja"'xdx: +C
k-Ina
Exemplo:
4x
jB“de: 3 +C
4.In3

3.1.3 Para uma Funcéo Exponencial de base €

Formula:

k-x

jek'xdx:eT+C

Exempilo:
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e6x

_[e“dx: 5 +C

3.1.4 Para Deslocamento de uma Constante

Formula:

Ia-dx

ajdx =ax+C
Exemplo:

I2dx

2jdx =2x+C

3.1.5 Para uma Func¢éao Logaritmo Natural

Formula:
1
j—dx=|n(x)+C
X
Exemplo:

[Sdx= [6-Zdx=6In(x)+C
X X

3.1.6 Para uma Soma e Subtracao

Formula:

[ )+ g(x)lax
[ £ Ox)dx [ g(x)dx

Exempilo:
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I(3x2 —4x® Jdx
Solugéo:
I3x2dx—j4x3dx
3Ix2dx—4jx3dx

2+1 3+1
X X

2+1 341

3 4
_3.X 4. X

3 4
=x*-x*+C

3.1.7 Veja algumas Resolugdes

1) [(5-4t)dt
Solugéo:
[5dt—[4tdt
5[ dt—4[tdt

1+1
t

f(x)=5t-4.
() 1+1

2

t
f(x)=5t—4.—
(x) 5

f(x)=5t-2t>+C

3) I(2+x2)><(3+x2)dx
Solucéo:

I(6+2x2 +3x2 + x* Hix
_[(6 +5x° +x4)jx
I6dx+I5x2dx+jx4dx
f(x)=6x+5-;:+ll+::+11

3 5

f(x)=6x+5-—+2 +C
3 5
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12+12x—3x°
2) j( . ]dx

X
Solucéao:
12, piax_ g3
x* x* x*
I12x’4dx+ J‘12x~(x"‘)dx—j3x3 (% bx
x4+ 3+ 1
f(x)=12. = —+12. _3+1—3I;dx

-3 -2

X X
f(x)=12-—+12-——-3In(x
(x)=12-— +12-= ~3In(x)

f(x)=—-4x°+6x*-3In(x)+C

4) ﬂ:BXZ —4x°
dx

Solucéo:
dy = (3x* —4x° Jdx

Idy :I(sz —4x3)dx

y= ijzdx—J'4x3dx

2+1 3+1
y:3><X —4><X
2+1 3+1
x3 x*
=3x——4x—
y 3 4

y=x*-x*+C



5) [/xdx
Solucéo:
J‘Xl/zdx

x(1/2)41

f(x)

_ X ¢
(1/2)+1

69

dy _ 4
6) &—ZOOX 7) J4Z—1dz
Solucéo: Solucéo:
dy = 200x"dx

) 4I%dz
Jdy = J200x¢ax f(x)=4In(z)+C

4+1

X
=200
y ><4+1
X5
=200x —
Y 5
y =40x° +C

3.2 TECNICAS DE INTEGRACAO

3.2.1 Método da Substituicéo

Formula:

Veja algumas aplicacoes:

1) [(8x+5)-3dx

Solucao:
u=3x+5
du

X

Logo:

qudu

F(x)="

F(x)=—(3xg5)3+c

Marcelo Santos Chaves

— =3..du=3dx
d

[ tlg()]- g (x)-dx = f(u)-du

2) jesx -5dx
Solucao:
u=5x

%:5.'.du:5dx
dx

Logo:
je”du

F(x)=¢e"
F(x)=e>+C
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3) Il+x2 -2Xxdx

Solucao:
u=1+x>

du—2x .du = 2xdx
dx

Logo:

Ildu

u

F(x)=In(u)
F(x)=In(1+x*)+C

3.2.2 Método Integracéao por Partes

Formula:

J 1(x)g" (x)-dx= f (x)-

4) j(x+3)1°-dx
Solucao:

u=x+3

du

—=1.-.du=dx
dx

x)-[ g (x)

Iu-dv: u-v —jv-du

Veja algumas aplicagdes:

1) jxexdx
Solucdo:
u=x
du

X

dv =e*dx

jdv=_[exdx

v=e"

Iudv X-e"

Iu-dv=xe —e*

Iu-dv:ex(x—1)+C
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2) Ix-lnxdx 3) szexdx
Solucéo: Solugéo:
u=Inx u=x?
1
d_u:__-.du:% ﬂ:Zx.'.du:Zxdx
dx X X dx
dv = xdx dv =e*dx
Idv=jxdx [dv=e"dx
2 X
v X v=e
2

Iu.dv=(u-v)—fv-du
2 . Iu~dv=(x2)-(ex)—fex-2xdx
Iu-dv:(lnx)-[?j— ?d? Iu -dv = x%e” —Zjexx dx

Iu-dv=x2ex—2-[(x—1)~ex]+C

Iu-dv=(u-v)—jv><du

ju-dv=§~lnx—%jxdx

2 2
Iu-dv=x—-lnx—X—+C
2 4

3.2.2.1 Obtencao de Formulas de Reducéo

Através da técnica de integracdo por partes é possivel a obtencédo de
Formulas de Reducdo para determinados tipos de integrais trigonométricas.
Estas férmulas expressam uma integral com poténcia de funcdo em termos de
integrais que expressam uma poténcia de valor menorem relacdo aquela

funcao.
Formulas:

J'Sen”x-dx = —1-Sen”‘lx-Cosx+n—_l-ISen”‘zx-dx
n n

1 -1
J'Cos”x-dx = —-Cos"‘lx-Senx+n—-ICos”‘zx-dx
n n

Veja algumas aplicacgdes:
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1) jSen‘“‘x-dx

Solugéo:

J‘Senax-dx:—l-Sen3’lx-Cosx+E-J.Sen‘”x-dx
3 3
3 1 2 2
J'Sen x-dx=—=-Sen x-Cosx+—-jSenx-dx
3 3
.[Sen x-dx:—g-Sen x~Cosx—§~Cosx

ISen3x-dx=Cosx-[—%oSenzx—§j+C

2) ICOS“X-dX

Solucgéo:

J.Cos X - dx_% Cos“‘lx-Senx+ﬂ-jCos4‘2x-dx

ICos“x-d % Cos®x- Senx+— jCos X - dx

jCos“x-d _L Cos®x- Senx+§ 1-Cos“x-Senx+ﬂ-'|‘Cos“x-dx
4 4 \ 2 2

4 1 3 1 1

_[Cos X-dx==-Cos°x-Senx+— —-Cosx-Senx+—-f1~dx
4 2 2

JCos“x-d 1 Cos®x- Senx+§ 1-CosxoSenx+1'x
4 4 \ 2 2

J.Cos“x-d % Cos®x- Senx+g Cosx- Senx+§ X

JCos“x-dx:Senx-(%-Cos3x+g-Cosxj+§-x+C
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3.2.3 Aplicacdes envolvendo as Técnicas de Integracéo

1) jx Sen5x dx

Solucéo:

Consideramos:

u=xX dv = Sen 5x dx
du

hahapng | dv = | Sen5x dx
i Jav=]

du = dx v=j3en5xdx

Veja que obtivemos uma 2° integral:

ISen 5x dx

Logo fagcamos:

t = 5y .[Sen5xdx
ﬂzs ISent-ﬂ
dx 5
dt =5-dx ljSent-dt:l-(—COSt)i—E‘COSE’X
5 5 5
Dai:
v:jSenSx dx
5
Temos:

Ix-SenSx dx:u-v—jv-du

_[x~Sen5x dX=X(—E-COS5XJ—I—E'COS5X~dX
5 5
1 1
_[x-Sen5xdx:—g-x-0035x+gIC035x-dx

Veja que obtivemos uma 3° integral:
_[Cos 5x-dx
Marcelo Santos Chaves
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Logo fagamos:

W = 5x jCosSx dx
d—W:S .[Cosw dw
dx

dw=5-dx

—ICos w-dw = 1'SenW:> loSen 5x
5 5 5
Continuando coma integral primaria:

jxoSenSX dx:—%~x-C055x+1%-Sen5x

J'x-Sen5x dx=—%~x.Cos 5x+2i-8en5x
Por tanto:

Ix-SenSx dx=—£x~CosSx+i-Sen5x+C
5 25

2) jln(l— X) dx
Solucéo:

Consideramos:

u=1In(1-x) dv = dx
du 1
=~ dv=|d
dx 1-x IV -[X
1 V=X
du=—-———-dx
1-x

Logo Fagcamos:
_[u~dv=u~v—jv-du

_[Inl x) dx = In(1 - x)- jx( j
'[Inl x) dx = In(1- x x+_fx( 1)() dx

Veja que obtivemos uma 2° integral:
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Logo facamos:

t=Xx 1-x

dt 1
=1 B
dx '[dw J-1—x i
dt = dx w=In(1-x)

Continuando com a integral primaria:

-x+[t-w—fw-dt]

) )
) )

Jln(l— x)dx = In(l—x)- x + [x In(1- x)—jln(l— X)- dx]
) )

Faca a transposicao:

_[In(l—x)dx= M

_[In(l—x) dx = In(l—x)-x+x-In(l—x)—jIn(l—x)-dx
M =In(L-x)-x+x-InL-x)-M

M +M =In(l—x)-x+x-In(1l-x)

2M =2-[In(1—x)- x]
M =In(1-x)-x

Por tanto:

Iln(l— x)dx =In(l—x)-x+C

3) J'te4t dt

Solucéo:

Consideramos:

Marcelo Santos Chaves
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u=t dv =e* .dt
du (a4t
E_l Jdv—J'e -dt
du = dt v=je‘“-dt

Veja que obtivemos uma 2° integral:
J'e‘“ -dt

Logo facamos:

Ie‘“-dt
w = 4t Iew d_W
d_W_ 4
dt E.J‘ew.dw
dw=4.dt 4
1-eW dw
4
Entao:
V:J.e4t~dt:l-ew~dw
4

Voltemos a integral primaria:

Ju-dv:u-v—jv-du

jte‘“ dt=t.[L.e —jl-e‘“-dt
4 4

jte‘“ dt=t.[L.e —lje‘“-dt
4 4

jte‘“ dt=t- l-e“t —l-i-e4t
4 4 4

Jte‘“ dt=t- l-e4t —i-e4t
4 16

Por tanto:
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4) I(x+1)-Cos 2x dx

Solucéo:

Consideramos:

u=x+1 dv = Cos 2x dx
d—u=1 '[dv:'[C052xdx
dx

du = dx v:%Sean

Voltemos a integral primaria:
Ju-dv:u~v—jv-du
'[(x+1)Cos 2x dx = (x+1)-=-Sen 2x—j%-8en 2x - dx

-SenZX—EJ.Sen2x~dx
2

NI~ N

_[(x+1)Cos 2x dx = (x +1)-

'[(x+1)Cos 2x dx = (x +1)-

N |-
w
D
>
N
>
|
|
|
|
O
o)
w
>

N—

j(x+1)Cos 2x dx = (x+1)-%'8en 2X—%~COS X
Por tanto:

j(x+1)-Cos 2x dx:(x+1)-%-8en2x—%-Cos x+C

5) jxln 3x dx

Consideramos:

u = In3x dv = x dx
du 3
— == dv = | x dx
dx 3x J. '[

1 v X
dU:;'dX 2

Voltemos a integral primaria:
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'[u-dv:u-v—fv-du

2 2
'[xln3xdx=ln3x-x—_fx_.l.dx

2 2 X

2
J.xln 3x dx:ln3x-x—_1'[x.dx

2 2

2 2
len 3x dx=|n3x-x——l.x_

2 2 2

2 2
Jxln 3X dx:ln3x-X——X_

2 4

Por tanto:

2 2

_[xln3x dx:ln3x-X——X—+C
2 4

6) ICos3x dx

Solucéo:
Vamos reescrever a Integral:
Cos®x - Cosx - dx

Consideramos:

u = Cos®x dv = Cos x dx
d—u:—Z-Cosx-Senx J.dV=ICOSXdX
dx

du=-2-Cos x-Senx-dx V=3Senx

Temos:
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J.Cossx dx = Cos?x -
JCossx dx = Cos?x -
ICos3x dx = Cos?x -
_[Cossx dx = Cos?x -
JCossx dx = Cos?x -
J-COSSX dx = Cos?X -
_[Cos3x dx = Cos?x -
JCos3x dx = Cos?x -

Sen x—jSen X -(—2-Cos x-Sen x - dx)
Senx+ZISen X-Cos x-Sen x - dx
Senx+2ISen2x-Cos X - dx

Sen x+2j(1—Coszx)-Cos X - dx
Senx+2]Cos X - dx — Cos’x - dx
Senx+2“Cos x-dx—jCos3x-dx]
Sen x+2-[Sen x—jCos3x-dx]

Senx+2-Senx—2j'Cos3x‘dx

Faca a transposicao:

_[Cos3x dx=M

ICos3x dx = Cos?x -

Sen x+2-Sen x—2J.C033x-dx

M = Cos?x-Senx+2-Senx—2M
M +2M = Cos?x-Sen x+2-Sen x

3M =Cos’x-Sen x +2-Sen x

M =1-Coszx-8en x+g-8enx
3 3

'|'Cos3x dx = 1
3

J'Cos3x dx = 1
3

jCos3x dx = 1
3

-Coszx-Senx+§-Senx
) 2
-(1—Sen x)-Sen x+§-Senx

-Senx—l-Sen3x+g-Senx
3 3

jCos3x dx = Sen x —%-Sensx

Por tanto:
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7) _[ex Cosgdx

Solucéo:

Consideramos:

« dv:Cosldx
u=e 2
du X
— =g dv = | Cos — dx
dx J. J. 2

Temos:

Iu~dv=u~v—jv~du

Iex Cosidx:ex~2-Sen§—J'2~Sen§-eX-dx
2 2 2

Iex Coszdx:eX -2-Sen§—2.f8en§-eX -dx
2 2 2

Veja que obtivemos uma 2° integral:
J'Seni-ex -dx
2

Logo facamos:

X
{— e dw:Sende
ﬂ=eX jdw:fSenidx
dx 2

2
Entao:

It-dW:t-W—IW~dt

_[Senfex -dx=¢e"- —2-Cos§ —I—Z-Cos 5-eX -dx
2 2 2

'[Sené-ex -dx=—ex-2-Cos§+2jeX -Cos Z-dx
2 2 2
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Continuando com a integral priméaria:
_|'eX Cosidx:ex-Seni—jSenf-eX -dx
2 2 2
_|'eX Cosidx:eX -Senz— —ef -2-Cos§+2_|'eX -Cosz-dx
2 2 2 2
_[eX Cosidx:eX -Sen§+eX .2-Cos 5—2] e* -Cosl-dx
2 2 2 2
Faca a transposicao:
'[ex Cosédx: M
2
M =eX-Sen§+eX-2-Cos§—2M
2 2
M +2M :eX-Sen§+ex-2-Cos§

3M :eX~Sen§+eX-2-Cos5
2 2

Por tanto:

J.ex Cosidx:l-eX -Sen§+1-ex~2-Cos§+C
2 3 2 3 2

8) I& In x dx
Solucéo:
Vamos reescrever a Integral:
1
_[x? In x dx

Consideramos:
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u=Inx dv=x2 dx
du 1 _ %
&=; _[dv_J-x dx
1 > 5
du==-dx Xz o2 2
X V= § ..v—5 X
2
Temos:

J.u-dv:u-v—J.v-du

5 5
\/;Inxdx:lnx-g-xz_ g.xz.l.dx
5 5
X
&Inxdx:lnx-g-i/?—g X2 - x7*.dx
5 5
VX In x dx = In X-EW—E X2 - dx
5 5
3
—+1
2
_[\/;Inxdx:lnx-g-5 2_3.;
5 5 §+1
7
2
_[\/anxdx=lnx-g s 2 _ 2. X
5 5 7
2
7
j&lnxdx=lnx-g.5x2_3. 2 2
5 5 7
7
_[\/;Inxdx:lnx-g~§/7—i X2
5 35
Por tanto:

J.\/;Inxdx:g-

9) jCos sec® x dx
Solucéo:
Vamos reescrever a Integral:

jCos sec
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Consideramos:

u = Cossecx dv = Cossec? x dx
du _ —Cossecx - Cotg x Idv = ICossecz x dx
dx

du = —Cossecx - Cotg x - dx v=-Cotg x

Temos:

ju-dv=u-v—jv-du

jCossecs x dx = Cossecx - (- Cotg x)—I—Cotg X -(— Cossecx - Cotg x - dx)
_[CossecS x dx = —Cossecx - Cotg x—jCotg x-Cossecx-Cotg x-dx
_[CossecS x dx = —Cossecx - Cotg x—ICotgzx~Cossecx -dx

'[Cossecs x dx = -Cossecx-Cotg X—I(Cossec2 x—l)-Cossecx -dx
J'Cossec3 x dx = —Cossecx - Cotg X — ICossec3 X —Cossecx - dx

_[Cossec3 x dx = —Cossecx-Cotg x — [[Cossec3 X dx—ICossecx~dx]
_[CossecS x dx = —Cossecx - Cotg x—jCossec3 X- dx+jCossecx-dx
jCossec3 x dx = —Cossecx - Cotg x+J'Cossecx-dx—.[Cossec3 X - dx

ICossecs x dx = —Cossecx-Cotg x + In|Cossecx — Cotg x| —J.Cossec3 X - dx
Faca a transposicao:
ICossec3 xdx=M

M =—Cossecx-Cotg x + In |Cossecx —Cotg X — M
M + M =—Cossecx-Cotg x + In |Cossecx — Cotg x|

2M = —Cossecx-Cotg x + In|Cossecx — Cotg X|

M :—l-Cossecx.Cotg x+%~|n ICossecx —Cotg X|

3 1 1
_[Cossec X dx:—E-Cossecx-Cotg X+E-In ICossecx —Cotg X|
Por tanto:

jCossecB X dx = —%-Cossecx-Cotg x+%- In|Cossecx —Cotg x|+ C
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10) Ixz Cos a x dx

Solucéo:

Consideramos:

u=x* dv = Cosa x dx
d—u:2x IdV:ICOSaXdX
dx
du = 2x-dx v:l-Senax

a
Temos:

ju-dv:u-v—jv-du

sz Cosa x dx = x? -E-Sena X—J‘l-Sena X - 2X - dx
a

sz Cosa x dx = x? - =-Sena X—E'[Sena X« X - dx
(04 (04

Veja que obtivemos uma 2° integral:

jSenax-x-dx

Logo facamos:

t=X dw = Sen « x dx

dt

&:1 J.dW:J.Senaxdx

dt=dx w=-1.Cosax
o

Entao:

It-dw:t~w—jw~dt

_[Sena X-X-dX:X-[—i-COSaXJ—J.—E-COSaX-dX
a [04

_[Sena X-X-dX:—X-l-COSa x+le05a X -dx
a a

_[Sena X-X-dX:—X-l-COSa x+£-£8ena X
a a o

J'Sena X-X-dX:—X-l-COSaX+i2-Sen05X
a a

Continuando com a integral primaria:
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J'x2 Cosa x dx = x%-Sena x—ZISena X« X - dx

sz Cosa x dx = x%-Sena X—2~[—X-£-COSO{ x+i2-Sena x}
(04 o

J'x2 Cosa x dx = x%-Sena x+2x-1-COSax—%'Senax
a o

Por tanto:

sz Cosa xdx=x2-Sena x+2x-1-C03ax—%-Senax+C
(04 (04

11) _fx2 Sen x dx
Solucéo:
Consideramos:

u=x* dv = Sen x dx

du
&=2X J.dv:J'Senxdx
du=2x-dx V=-COsX

Temos:

Ixz Senxdx=u-v—jv-du
_[xz Sen x dx = x? - (- Cos x)—_[—Cos X - 2X - dx

sz Sen x dx = —x? - Cos x+.[Cos X - 2X - dx

Veja que obtivemos uma 2° integral:

jCosx~2x-dx

Logo facamos:

t=2x dw = Cos x dx
ﬂ:2 W:ICosxdx
dx

dt=2.dx W=Senx

Continuando com a integral primaria:
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J'x2 Sen x dx = —x” - Cos x+ICos X - 2X - dx

'[xz Sen x dx = —x” - Cos X+[t-W—J-W-dt]

_[xz Sen x dx = —x* - Cos x+[2x-Sen x—jSen x-2-dx]
Ixz Sen x dx = —x* - Cos x+[2x~Sen x—ZJSen x~dx]
.[xz Sen x dx = —x? - Cos X +[2x- Sen x—2-(~ Cos x)|
J'x2 Sen x dx = —x? - Cos x + [2x- Sen x + 2 - Cos x]

_[xz Sen x dx=-x2-Cos x+2x-Sen x +2-Cos x

Por tanto:

_[xz Senx dx=—x%-Cos x+2x-Senx+2-Cos x+C

12) _.'ezX Sen x dx

Solucéo:

Consideramos:

u=e” dv = Sen x dx
d—u:2~e2X Idv:jSenxdx
dx

dUZZ'ezx'dX V:—COSX
Temos:

Iezx Senxdx:u-v—Iv~du

Iezx Sen x dx =e** -(—Cos x)—J—Cos x-2-e.dx
J.e2X Sen x dx = —e* - Cos x+ZICos x-e* .dx
Veja que obtivemos uma 2° integral:

.[Cosx-ezx-dx

Logo facamos:
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2X

t=e dw = Cos x dx

%zz-ezx w:jCosxdx
X

dt=2.e% . dx w = Sen X

Continuando com a integral primaria:

_[ezx Sen x dx = —e** - Cos x+2J'Cos X- e - dx
Jezx Sen x dx = —e** - Cos x+2-[t-w—jw-dt]
J.e2X Sen x dx = —e** - Cos x+2~[e2X -Sen x—jSen X-2-e* ~dx]
'[e“ Senx dx = —e** -Cos x+2-e* -Senx—ZISenx-Z-e2X -dx

_[ezx Senx dx=—e* -Cos x+2-e* -Senx—4Ie2X -Sen x - dx
Faca a transposicéao:

_[e2X Senx dx=M

M =—e?*.Cos x+2-e*-Senx—4M
M +4M = —e?*.Cos x+2-e2*-Sen x
5M = —e?*.Cos x+2-e* -Sen x

M :—1~e2X -Cos x+g~e2X -Sen x

Por tanto:

Iezx Senxdx=—%~e2X .Cos x+§-e2X .Senx+C

13) [sen’x dx

Vamos reescrever a Integral:

ISenzx Sen x dx

Consideramos:

u = Sen’x dv = Sen x dx
d_uzz.Senx-Cosx J.dv:J'Senxdx
dx

du=2-Senx-Cos x-dx V=-Cosx
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Temos:

J'SenBX dx:u-v—fv-du

ISensx dx = Sen”x - (- Cos x)—I—Cos x-2-Sen x-Cos X - dx
jSen3x dx = —Sen?x-Cos X + ZjCoszx- Sen x - dx

_[Sen3x dx =—Sen®x- Cos X + Zj(l— Sen’x)- Sen x- dx
jSen3x dx = —Sen?x-Cos X + 2_[ Sen x-dx — Sen®x - dx
J'Sen3x dx = —Sen?x-Cos X + ZUSen X - dx—jSen3x~dx]
J'Sensx dx = —Sen?x-Cos X + 2_|'Sen x-dx—ZjSen3x-dx
.[Sen3x dx = —Sen?x-Cos x +2-[- Cos x]—ZJSensx-dx
jSen3x dx = —Sen?x - Cos x — 2C0S X — ZI Sen®x - dx

Faca a transposicao:

J.Sen3x dx=M

M =—Sen?x-Cos x — 2Cos X —2M
M +2M = —-Sen®x-Cos x — 2Cos X
3M = —Sen?x-Cos x —2Cos X

M =—£-Sen2x-Cos x—z-Cosx
3 3

Por tanto:

ISen?’x dx=—%-8en2x~Cos x—%-Cos X+C
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APENDICE A
Tabela de Identidades Trigonométricas

senx + cos2x = 1

1 + tg?Xx = sec®x

1 + cotg?x = cosec?x

sen (-x) = -sen x

cos (-X) = cos X

tg (-x) = -tg x

sen 2X = 2 Senx.cos X

COS 2X = COS2X - senx = 1 - 2 sen®x = 2 cos®X - 1

X l-cosx
sEn — = 1‘—
E| 2

X 1+ cosx
Cos = J—
2 2

l-—cosx SEfL X

Seh X 1+ cosx

SEN X COS ¥ = ;— [sen (x-v) + sen (x+ v

SEN K. SEn ¥ = % [cos (z-v) - cos(x+ ¥

cosx cos ¥y = — [cos (x-v) + cos (x+ 7))

R

—_

COS X SEN Y = E[SEH (z+ ¥ - sen(x- v

y +
SEN X - SEN T = ESEH[XEYJ.EDS[K > Yj

1
SENL X COSX= 0 fen 2X

X
1-cnsx=23&n2?

2

X
1+ cosx=2cos E

1l + senz=1 =+ n:u:us[z:- J

cos 28 = cnszé? - senzé?
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APENDICE B

Tabela de Derivadas Usuais

Funcéo (y) Derivada (y’)
y:un :>y':nu”_lu'
y=uv =y'=u'v+v'u
u , u'v—=v'u
y=— =Yy = 2
v Vv
y=a" =y'=a‘(lna)u’, (a>0, a=1)
y=eu :>y|=euul
| U
y=10g,u =Yy :UIogae
1 1 1
y=Inu =y'==U
u
y=u" =y'=vuu'+u'(Inu) v’
y=senu = y'=u'cosu
y=cosu =y'=-u'senu
y=tgu = y'=u'sec’u
y =cotg u = y'=-u'cosec’u
y=secu =y'=u'secutgu
y =cosecu = y'=-u'cosecucotgu
y=arcsenu =y
V1-u®
, —Uu’
y=arccosu =y'=
1-u®
y=arctgu =y'= u
1+
y=arccotgu - U
1+u°
y =arcsecu,|u[>1 =>y'=u—',|U|>l
|ulvu® -1
y =arc cosec u,|u|>1 'Z_—UI,|U|>l
|ulvu® -1
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APENDICE C

Tabela de Integrais

93

Integrais Usuais

1

Jau=usc & =tnl+C o1
u a+1

J'a”du——+C J.e”du=e“+C jsenudu=—cosu+c

Icosudu =senu+C

Itgu du = In|secu+C

I cotgu du = Injsenu|+C

f cosecudu = Injcosecu—cotgu| +C

Isecu du = Injsecu+tgu| + C

jseczu du=tgu+C

jcoseczu du =-cotgu+C

Isecu.tgu du =secu+C

J' cosecu.cogu du =- cosecu+C

u
= arcsen +C

[ -

jz :—arctg +C
a’+u’® a a

+C

2 .2 a

I du 1 O{u
. —Tarcsed—
uvu’® -a d

Isenhu du =coshu+C

J.coshu du =senhu +C

jsechzu du =tghu+C

Icosechzu du =-cotghu+C

jsechu.tghu du =-sechu+C

jcosechu.cdghu du =-cosechu+C

nu+\/u2ia2

+C

du
R
j\/uzia2

u-+a
u-—a

—|+C

d
-[ 2_u 2:2a|

a+va2iu2

L L e

J~ du
wal+u?2 2 u

Formulas de Recorréncia

1 ) n-1 B
fsen”u du=——sen"u.cos u +—jsenn 24 du
n n

1
Icos"u du ==cos"

n

. n-1 .
tu.sen u+——=cos"2u du
n

1
tg"udu=——tg"'u— | tg"2udu
[tg 19" Jtg

[cotg"udu = —icotg”'lu - [cotg™u du
n-1

Isec”udu=
n-1

1 ] n-2 .
— sec"?utg u+—— [sec"?udu

n-1

1 ; n-2 ;
jcosec"u du=— —1cosecn 2u.cotg u + —1fcosec" udu
n- n-

~ u.(u2 + az)l‘”

2n-3 du

du
X

=
u2+a2)

2a%(n-1)

’ 2a%(n —l)-[(u2

4 az) n-1
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