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APRESENTACAO

No Brasil as evidencias quanto ao fracasso na disciplina de Calculo Diferencial
e Integral (CDI) séo elevadas, causando visiveis prejuizos no aproveitamento
de discentes da area das ciéncias exatas, ao ponto de conduzi-los a
sucessivas reprovacfes ou até mesmo ocasionando o0 seu jubilamento
(desligamento compulsério do curso). Essas sdo as conclusdes de Bressan
(2009), Rezende (2003), Frota (2001), Baruffi (1999) entre outros. Face a este
cenario desfavoravel na praxis do ensino superior, um dos grandes desafios na
area de ciéncias exatas atualmente €, sem sombra de duvidas, encontrar
formas de superar o fracasso no ensino do Célculo. E é sob tal motivacdo que
0 presente trabalho se propde a constituir-se em um escopo sistematico de
técnicas de resolucdo de problemas sobre Limites, Derivadas e Integrais,
ambicionando uma ilustracdo didatica e objetiva capaz de transpor o
conhecimento cientificopara um conhecimento capaz de tornar-se efetivamente

ensinavel.



PRESENTATION

In Brazil the evidence about the failure in the discipline of Differential and
Integral Calculus (CDI) are generally high, causing visible damage in the
exploitation of students in the area of exact sciences, to the point of leading
them to successive failures or even causing the your jubilamento (off course).
These are the findings of Bressan (2009), Rezende (2003), Frota (2001), Baruffi
(1999) among others. Against this unfavorable scenario in the praxis of higher
education a major challenge in the field of exact sciences is currently without a
doubt, find ways to overcome failure in the teaching of calculus. And under such
motivation is that this paper proposes to form themselves into a systematic
scope of technical troubleshooting on Limits, Derivatives and Integrals, coveting
a didactic illustration and objectively able to translate scientific knowledge into a

knowledge capable of making be effectively taught.



PRESENTACION

En Brasil, la evidencia sobre el fracaso en la disciplina de Caélculo Diferencial e
Integral (CDI) son generalmente altos , causando dafios visibles en la
explotacién de los estudiantes en el area de las ciencias exactas , hasta el
punto de llevarlos a los sucesivos fracasos o incluso causar la Su jubilamento
(por supuesto) . Estas son las conclusiones de Bressan (2009), Rezende
(2003), Frota (2001), Baruffi (1999) entre otros. Frente a este escenario
desfavorable en la praxis de la educacion superior un gran reto en el campo de
las ciencias exactas es actualmente , sin duda , encontrar la manera de superar
el fracaso en la ensefianza del célculo . Y bajo esa motivacion es que este
trabajo se propone constituirse en un ambito de aplicacion sistemética de la
solucion de problemas técnicos de limites, derivadas e integrales , codiciar una
ilustracion didactica y objetivamente capaces de traducir el conocimiento

cientifico en un saber capaz de hacer ensefiar con eficacia.
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UM POUCO SOBRE A HISTORIA DO CALCULO

E bastante comum nos depararmos com literaturas que ratificam um
entendimento. O de que sir Isaac Newton (1642-1727) e Gottfried Wilhelm
Leibniz (1646-1716) foram oscriadores do Calculo Diferencial e Integral (CDI).
Mas sera possivel tomar ao pé da letra
tal assertiva enquanto verdade? Stewart
(2010), por exemplo, pontifica que as
ideias fundamentais por tras da
integracdo foram examinadas h& pelo

menos 2500 anos pelos antigos gregos,

tais como Eudodxio e Arquimedes. Além
disso, assim como Alarcon et. al sir Isa‘ac Newton

(2005), sabemos que os métodos para encontrar as tangentes foram criadas,
entre outros, por Pierre de Fermat (1601-1665) e Isaac Barrow (1630-1677). Da
mesma forma, concordamos com Almeida (2003) na
constatacdo de que Barrow, na condicdo de professor
em Cambridge que exerceu grande influéncia sobre
Newton, foi o pioneiro no entendimento quanto a
existéncia de uma relacdo inversa entre a derivacéo e

a integracdo. Assim, concluimos que, o que Newton e

Leibniz fizeramnao tratou-se de uma criagdo genuina
Isaac Barrow na acepcao da palavra, e sim utilizaram a relagcéao
descoberta por Barrow, para constituirem o Teorema Fundamental do Célculo,
e assim desenvolver o CDI enquanto disciplina matematica sisteméatica e
ensinavel. Portanto, € sob estes termos e ressalvas que atribuimos a Newton e

a Leibniz a primazia no desenvolvimento do CDI.
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1. LIMITES E CONTINUIDADES

) Limf ) == 2) Limf(x) =A% Jx
x—1 %/5(__1 e—0 e
Solugéo: Solugéo:
Faca — u’=x Limf(x):Limrq/XJre—\/_T [ /X+e+\/ﬂ
3—1 e—0 e—0 e
Lim f (u) =Lim — (A
u— u— 3“3
l l u3—1_1 Limf(x)= |_m{\/x+ ) ( )
Lim' (@) -Lin " S e
u—1 -1 u-1 _
(u-1)-(u*+u+1) Lim f(x)=Lim ex("¢Se )
Lim f(u): Lim (U 1) e—0 e—0 v \/_
u—1 u—1 -_

e
. o 2 L|mf(x) Lim
Lim f(u)= Lim (u +U +1) o0 exi /x+e x\/x_i

Lim f (u) =1°+1+1

A Lim f(x)= Lim (_xﬁeu)
Lim f (u) =1 - s v
u—1

Limf(x)= le(—)
e—-0 e—0 \/FOX\/K_
Limf(x)_E 11—

e—0 B \/;X\{(

. 1
Limf(x)=——
eLr(P (X) 2\{(_
Lim f(x):i @
e—0 2\{(_ 2\/;
Limf(x)=2"
e—0 4x
Lim f(x) ="
e—0 2X
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3) Limf(x)=Lim x-1

- SEETPEN

Solugéo:

Faca— x=u’

: w1
Lim f (u) = Lim
u-1 u—1 u_s\/US
u-1
Lim f (u) = Lim
u—1 u—1 u 3
u'-=1 u+u
Lim f (u) = Lim \}‘L

u—-l u—1 u—u\pu+uU\/—
(u —1) (u+uJ&)

Lim f(u)=Lim

%H

u+u\/tr)

Cfnln (W)= L“Tr% b= )

Lim f (u) = le(u 1) (U +U+1) (Ujfuu)

vt u-1 -(u-1)
Lim f (u) =Lim (U +u+1) (u_h/_u)
Lim f (u) = b +1+1) (148

u—1 _12
Lim f (u) =—>*2

u—1 1
Limf (u) =—6

u—1
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4) Limf(x) = Lim¥+1-1

x—0 X—0 X

Solugéo:

Faca— u=3k+1 < x=u’-1

Lim f (u) = Lim

u—0 u—>0y 31

Lim f(u)=Lim (u-1)

u—0 u—0 (U 1) (U +U+l)
Limf (u) =Lim

u—0 u—0 FUF

Lim f (u) =

450 1°+1+1

Lip () =1



5) Limf(x)zLim\/X+3—\/§ 6) Limf(x)=Lim 53X

x—0 X0 X X—>+00 x—>+0 88X + 2
Solucéo: Solucéo:
Lim f (x) = Lim VXx+3 -3 yx+3++/3 Lim f () = Lim 5-3%’
%0 X0 X \/X +3 +\/3 X—>+0 X—>-+0 X8X(+§2_ 2 2\
Lim f () = Lim (Jx+3) - (/3f L
x—0 x—0 X+3 Lim f (X) = Lim

X X+o+ \/3_) X—>+00 x>0 X +
Limf (¢ = Lim x-(*£353 3) \ ;J
x—0 x—0 / \/_/ (5 . 1 _ 3X 2\
Lim f (x) = Lim x—%éauj;) Lim £ () =Lim M
x—0 x—0 1 X—>+0 X—>+o0 8+2- |
Lim f (x) = Lim i} L X
x50 Ho(\/x+3+\/3 _ [5_0_3_(+002ﬁ
Lim f () 1 Limf(x) = ( )
Imt(x) = e 8+2-0
X0 JO+3+4/3 i
Limf(x)=—

Limf)=__1 o 8
X0 J3+4/3 Lim f (x) = —
Limf(x)=_1 o2\/§:>Limf(x)=2xiB
x—0 Z\E 2\/§ x—0 4 x3
Lim f (x) =£
x—0 6

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados



7)  Limf(x) = Lim —5x°+2
X—>+00 X—>+00 7X3+ 3

Solucéo:

Lim f (x) = Lim —5X*+2

X—>+00 X—>+00 7X3_|_ 3

. Y

Limf (x) = Lim 7 3V

X—>+00 xoto X+ 1+
Yy
51, %)

. N\ |
Lim f (x) = Lim 3)
X )
Lim f (x) = XSE;:EQSL)
-5

X—>+00

Limf(x) =

X—>+aol1{

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados

16

8) Limf(x)=Lim vx’+1

X—>+00 x>0 X 4+ 1

Solucéo:

Lim f (x) = Lim vVX°+1

X—>+00 X—>+00 X+1
X2 1+
x*
Lim f (x) = Lim (1)
X—>+00 X—>+o0 X‘kl‘l‘ J
X
r /(1 +1)J
Lim f (x) = Lim 1 1>§

\/(74
w'h

|
%

|A><

|
Lim f (x) = Lim |_|

1+
Lim f(x) =Lim
v
Lim f (x) = Y1+ 0
X—>+00 1+O
. 1
Limf(x)="
x—+o001]
Limf (x) =1

X—>+0
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9) Limf(x):Lim(\/X2+1_\/x2—1)

X—>+00 X—>+00

Solucéo:

Lim f (x) = le(\/x +1- \/ 2 )\/x +14+/x2—

X—>+00 X—>+00

: : 51+\/x
Lim f (x) = Lim ./ +1 " A

L *J J L EJ
Limf (x) = Lim

— o \/:11 It \/fr

Lim f (x) = Lim X*+1-x*+1
X—>+00 X—>+00 {Fl (iﬁ|
Limf (x) = Lim
X—+o0 xa+oox.|(\i+1 \/1_1\|
AN A
2
Lim f (x) = Lim X \
X—>+00 Xty |( —{—ii 1— 1
| X2 XZJ
X
2.1
Lim f (x) = Lim X
X—>+00 X—>+0 1 1
\/1 +x2+\/1 —?
Lim f (x) = 2-0
X0 v1+0++1-0
Limf(x) = __
X—>+00 1+1
Lim f (x) :9
X—>-+00l 2
Limf(x) =0

X2+
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10) Lim f(x) = Lim x(\/YzTI_X)

X—>+00 X—>+00

Solucéo:
Lim 109 = tim x| =1 -x)
Lim f(x) = Lim (\/YETI)-X—XZ

2 2
Lim f (x) = Lim [(«/xz—l)-x_ XZ]. (VX _1)'X+X

g\/xz —1)' X + X

Lim f (x) = Lim [(‘/(i—l—) j]xl(f)
\/2—

18

X—>+00 X—>+0 2
_ o (x?-1)-x 2 x!
Limf (x) = Lim 4 1 \
X—>+00 X—>+00 X2.|§+1]—
<)
4 2 4
Lim f (x) = Lim X(_:q_lx \
X—>+00 X—>+00 X2.|§+1r
-
X2
Limf (x) = Lim 4 1 A\
X—>+00 X—>+00 X2.|g+1]—
X
Lim f (x) = Lim = Lim f (x) =Lim -1
X—>+00 X—>+00 / 2_ X—>-400 X—>+00 1
X714 xgl(— 2)
X X “+1
X
= Limf (x) = Lim -1 = Lim f(x) =Lim 7 -1 =
X—>+o0 X—>+00 1 X—>+00 X—>+00
Jx 2 /1—7 X-'j—Lﬂ'l
X X
N . S k
X X
SLimf)=Lim -1 =limfx=_-1 =tLimfx=—-1_
X—>+0 X—>+o0 1 _L+1 X—>+00 \/m +1 X—>+00 1+1
X2
Lim f (x) =—
x—>+ooL2
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11) Limf(v)=Lim vv_1

V—>+00 V—>+00 3\/ -1

Solucéo:

Faca —»>v=x"°

Lim f (x Lim 2\/X
X—>+00 ( ) X—>+00 _3X-2_1_

Lim f (x) = Lim X*-x—1

xa'+oo X.H+oo 3X _21
Limf(x)=Lim y3_1

2

X0 NI v
. (L l)

Lim f(x) = Lim—— %)

X—>+o0 Xt 1
X 43— YZ
w_ L
Lim f (x) = Lim x?
~xe
+0 -0

Limf()= —3=0-
Lim f (x) = ==
X403

Lim f (x) =+

X=>+0%0
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12) Limf(x)=Lim X'~ 16
3

x—>2 -2 8 —X

Solugéo:

Lim f(x) = Lim X'— 16

X—2 x—2 %
Limf(x)—le 16 ( 1)

3
X—2 X—2 8—2X i—l)

2 2

Lim f(x) = Lim (x) —(4)- (=1)

xX—2 X—2 X _ 8

Lim £ (x) = Lim (x+4)- (x~ 4)( 1)

Ijr;f(x)—::n& 4Y( )( %)
Lim f(x) = Lim (x?+4)- (x+2)- (x-2)- (- 1)
‘2 (x 22 (x*+2x+4)

(x x+2)-(-1)
Lim f(x)=Lim

T IN) S
::r:]f(x)=—(—§8xgzx+‘zi B

X2 4+4+4
Limf(x)=_ - 32

X—2 12
Limf(x):—g

X—2 3




13) Limf(x)=Lim¥-1

x—1 x—1 \/X -1

Solucgéo:

Faca —»> x=t°

re-1
Lim f(t)=Lim \/t‘é‘

t—1 t—1 \/t_6—1

Limf(t)=Limt -1

t—1 t—1 t3_1

- ) 2_12
Limf(t)=Lim

t1 to1 t7-1

Lim f (t) = Lim—(tr1)-(=1)
to1 -1 (t-1) (t2+1-t+12)
Limf(t)=Lim_t+1

t—1 t—1 t2+t+1

Lim f(t)= —+F1

t-1 1°+1+1
Limf(t)=?

t—1 3

1.1 LIMITES LATERAIS

X*—4,sex<1

1) Dado f(x)=!-1,sex=1 | calcule os limites das funcdes e esboce 0
3-x%ex>1

grafico.
Solucéo:

Lim f(X)=Limx?-4=1"-4=-3

x—>1" x—1"

Lim f(x) =Lim3-x=3-1=2

x—1" x—1"

Como:Lim f(x) =Lim f(x),Entdo Lim f (x) = Ndo Existe
1

x—1* x—>1" X—>

Agora vamos estabelecer os pontos:

Marcelo Santos Chaves
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x> —4,se x<1— (1,-3) f(x)=x2—4 — Parabola f(X)=3-x—reta

f(x)={-1,sex=1-(1-1) x2-4=0 3-x=0
3-xsex>1-(1,2) x2=4 x=3
x=+/4
X =12

Esbouco do Grafico (Raio x)

YA

\4
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|(3x —2,sex>1
2) Dado f(x)=!2,sex=1
4x +1,se x <1

grafico.

Solucgéo:

Limf(x)=Lim3x-2=31-2=1

x—1* x—1*

Lim f(xX)=Lim4x+1=4-1+1=5

x—>1" x—1"

Como:Lim f(x) =Lim f(x),Entdo Lim f (x) = Ndo Existe
x—1* x—1" x—>1

Vamos estabelecer os pontos:
[3x—2,sex>1—(1,1)

f(x)=12,sex=1->(1,2)
14x +1,sex<1— (1,5

Esbouco do Gréfico (Raio x)

Y 4

f(x)=3x—2 —>reta
3X-2=0

X =
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, calcule os limites das funcdes e esboce o

f(x)=4x+ 1 — reta
4x+1=0

X=-

1
4
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(x2+1,sex<2

3) Dado f(X)=12,sex=2 , calcule os limites das funcdes e esboce o
9-x?,sex>2

gréfico.

Solugéo:

Lim f(x)=Lim9 -x’=9-2°=5

X—2" x—2*

Lim f(x)=Limx*+1=2°+1=5

X—2~ X—2~

Como :Lim f (x) = Lim f (x), Entdo Lim f (xX) =5
x—2* X—2" Xx—2

Vamos estabelecer os pontos:

x*+1,sex<2—(2,5) f(x)=x"+1— Parébola  f(x) =9 -x* — Parébola

f()=12,sex=2(22) X +1=0 9-x"=0
9-x%,sex>2-(2,5) x=+-1 x=1/9
X=3 X=413

N&o hé raizes para funcéao

Esboucgo do Gréfico (Raio x)
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x-=1, x< . . -
4) Dado f(x) = ( , calcule os limites abaixo e esboce ogréfico.
13x -7,x>3
a) Limf(x); d) Limf(x);
Xx—3~ Xx—5~
b) Limf(x); e) Limf(x);
X—3* X—5"
c) Limf(x); f) Limf(x).
x—3 Xx—5
Solucéo:

a) Limf(x)=Limx-1

X—3~ x—3~
Lim f(x)=3-1
x—3~
Limf(x)=2

x—3~

b) Lim f(x)=Lim3x-7

x—3* x—3"
Limf(x)=3-3-7
x—3*
Limf(x)=2
x—3*
c) Limf(x)
x—3
SejaLimf(x)=Limf(x),temos:Limf(x)=2
X—3" x—3* x—3

Nas alternativas a seguir veja que para Limf (x), temos x para valores maiores
x—5

que 3, pois sua tendéncia é 5, logo, somente a funcédo 3x — 7 satisfaz Limf (x),

x—5

pois sua restricdo € definida para x > 3. Facamos entéo:

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados



25

d) Limf(x)=Lim3x-7

X—5~ X—5~
Limf(x)=3-5-7
X—5~
Limf(x)=8

X—5"

e) Limf(x)=Lim3x-7

x—5" x—5*
Limf(x)=3-5-7
X—5%
Limf(x)=8
x—5*
f) Limf(x)
x—5
SejaLimf(x)=Limf(x),temos:Limf(x)=8
x—5" x—5* Xx—5

Esbouco do Grafico:

Vamos estabelecer os pontos parax — 3 :

f(x):(x L x<3—>(3,2) f(x) =x -1 —> reta f(X)=3x—7 - reta
3x-7,x>3->3,2) Xx—1=0 3x-7=0
x=1 3x=7
7
X=_
3

Vamos estabelecer os pontos paraXx — 5:

3X—7, X >3- (5,8), p/Lim (X)
Px—?, Xx>3->(5,8),p/Limf(x)

x—5*

) =1

Dai ilustramos:
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1.2 LIMITES NO INFINITO E LIMITES INFINITOS

1.2.1 Limites no Infinito

Se “n” é um numero inteiro positivo, entéo:

1) Lim 1_= 0
xa+ooxn
1) Lim 1_= 0
x—>—oc)(n
~ 0 o 0 0 4 _~ . . ~
As expressbes , ,0—,07,0x00,0",1" sjo todas indeterminacdes.
0o

Veja algumas resolucdes:

1) Limf(x) = Lim 5-3¢ _ o =5xX%+2
X—>+00 x>+ BX T2 2) Lim f (X) =Lim
X—>+00 X—>+00 7X3+3
Solucéo: Solugao:
5-3x°
Lim f (x) = Lim , . =5x°+2
X0 x>0 OX +2 Limf (x) = Lim
X (5 B 3X2) X—>+00 X—>+00 7X +(3 2 \
i =Li Li _X S—— |
Lim o) =Lim 22— Limf)=Lim [~ o€ )
X'k8+XJ X—>-+00 xoto X+ [+
| (535 oy
Lim f (x) = Lim~——= —QS—Z'ﬁ,J

X—>+00 X+ 1 Lim f (X) = Lim [ ]‘ ;j
(8 +2- X—>-+0 X340 F3-

L)
o

Lim f (x) = (8+2 o) Lim f (x) = ~G_2.0
_ C x>+ (7+3-0)

Limf(x) = -5

yrio 8 — Lim f (x) =

Lim f (x) = —oo e

X—=>+0
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3) Limf(x) =Lim vX*+1

X—>+00 X—>+o0 X+ 1

Solucéo:

Lim f (x) = Lim vVX'+1

X—>+00 X—>+00 X +
,X ST+
4 L\ 7\2)
L

Lim f (x) = Lim s

X—>+00 X—>+00
L %)

V-

Limf (x) = Li

X—>+00 ( ) xaal-:ol . Nl + \
X.

Lim f (x) = Lim

1+
Lim f(x) =Lim ?\

X—>+00 X—>+00 1 +7
)

Lim f (x) = ¥1+0

X—>+00 1+0
Lim f (x) :}
X~>+0071

Limf(x) =1

X—>+00
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4) Limf(x)zLim(\/X2+1_\/x2—1)

X—>+00 X—>+o0

Solucéo:

Limf (x) = le(\/x +I- /2 1)\/X +14+x2—

X o : 5 : \/x —é—l+\/X —
Lim f (X) = Lim [ )\ ) 1\

X—>+00 X—>+0 X ‘ l_ I
F O O
2 2

+ —
Limf (x) = Lim ( j(
X—>+00 X—>+00 \/70 1+72+ \/P. 1_72
X X
2 2
Lim f (x) = Lim ( X +1—;‘ +1
R E ANy
\voxr) b XY
Lim f (x) = Lim 2
X—+o0 xa+oox.|(\i+1 \/ _1\|
T
2
Lim f (x) = Lim X \
X—>+00 Xtoo g |( 1 4+ 1-— 1
Ve 1 oo
X XZJ
X
2-1
Lim f (x) = Lim X
X—>+00 X—>+00 1 1
\/1+)(2+\/1_x2
Lim f (x) = 2-0
X0 v1+0++41-0
Limf ()= O
X—>+00 1+1
Limf (x) =
x—>+ooL2
Limf (x) =

X2+
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5 Lim f(x)= Lim x(\/YzTI—x)

X—>+00 X—>+00

Solugéo:

Lim f(x) = Lim x(\/YZTI—x)
Lim f(x) = Lim (\/YZTI)-X—X2

X—>+00 X—>+0

lef(x)—le [\/X—_)X_x](xz 1)x+x
o X_Hw[ ] X )x+x
Lim f (x) = Lim “i X —1>§x+x

(x —l) x2—x"*

Limf (x) = Lim ; \
X—>+00 X—>+0 2 |JJ+1'I—
<)
4 2,4
Lim f (x) = Lim %/ ;‘ lx \
X—>+00 X—>+0 X2.|J+1'l—
<)
X2
Limf (x) = Lim 4 1 3
X—>+00 X—>+00 X 2‘| J_Fl I—
<)
. . -1 . . 1
Limf(x)=Lim "~ = Limf(x) =Lim —
X—>+00 X>t+o  [y2 X—>+00 X—>+00 1
=14 X2 1(— 2)
X X2
X
: i -1 . T -1
= Lim f (x) = Lim = Lim f(x) =Lim ’ =
X—>+00 X—>+00 1 X—>+00 X—>+00
\/P’Jl——z X-| #—1—2%]1
X7+]_ k X }
X X
= Lim f (x) = Lim -1 oLlimf=__ -1 =lLimfx=-1_
X—>+00 X—>+00 1 _L+1 X—>+00 \/ﬁ +1 X—>+00 1+1
X2
Limf(x) =-
X~>+00J2
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6 Limf(v)=Lim vy -1

V—>+00 vto 3y =]
Solucéo:

Faca — v =X’

. s 2 [y7
Lim f (X) = Lim xx/g 1

X—>+o0 X—>+o0

2
Lm0 =Lim 527
Lim f (x) = X —1
o Limayxz21

xz-(x—i)

Lim f (x) = Lim%ﬁi

X400 x40 X 3 -
-
1

X—_

Lim f (x) = Lim X2

X—>+00 X—>+00 3 —
X2

Limfoy="+>"0

X—>+00 3—-0

Limf()=""

X400 13

Lim f (x) = +o0

X—>+00

Marcelo Santos Chaves
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7 Limf(x) = Lim % 73

X—>+00 X—>+o0

Solucéo:

Lim f (x) = Lim X°+3
X—>+00 X—>+0 X 4 2
e 3

Lim f (x) = Lim xhxr x)

X—>+a0 X—>+0 W
1

X x+3:
Lim f (x) =Lim4ﬁ
| |

X—>+00 X—>+00

+oo+0\ ;)

Limf(x) =
X—>+00 1+0
Lim f (x) = ilf

Lim f (x) = +o0

X—>+00

31



1.2.2 Limites Infinitos

Se “n” é um numero inteiro positivo qualquer, entao:

.1
1)y Lim__ — 40

Xx—0* Xn

+ o0, 5" n" é
Ny Lim * _{+* par

x50X' = oo, se" n" é impar

. 0 o o . . o
As expressdes , , -, 0% 0x o, o, 1”sd0 todas indeterminacdes.

o0

ol

Veja algumas resolucodes:

. 1 . . |X
1) Lim f (x) = LIm (X3+\/§+_W 2) ng] f (x) =Lim |2_|
x—0 «os0 K X} X x—0* X
Solug&o: Solugéo:  sexa0

_ Condigéonf H X, 5e X< 0
Lim f (x) = Lim ()?(Jr \/§+%)

N N 1 Lip 9= Lim
Lim f (x) =Limx + Lim +/x + Lim — oy
x—0 x—0 x—0 x—0 X Lim f(x) =Lim o
I;Lrp f (X) =0+0+ X—0* x—0* X 2
1
Lim f (X) = 400 Lim f(x)=Lim _
x—0 x—0* X4)0+X

Lim f(x) = 400

x—0*"
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3) Lim f(x)=Lim M

x—0" x—0- X 2

Solucéo:

Lim f (x) = Lim i

x—>0" x>0 X 2
Lim () =Lim_*
x—0" x—0- X 2

) 1
Lim f(x) =Lim-__
x—>0" x>0 Xt

Como o exponte de x é impar, temos :
Lim f(x) =— (- )
x—0"

Lim f(X):+OO

x—>0"

4) Na figura abaixo esta esbocado o gréfico de uma funcdo y =T (x). Complete
as igualdades.

X
HEY. / x

a) Limf(x)=-o b) Limf(x)=—2 ¢ Limf(x)=+o0  d) Limf(x)=0

X—1 X1+ 2 X—2~ X—2
B . 1
e) Limf(x)=—1 f) Limf(x)=—1 @) Limf(x)==> h) Limf(x)=-oo
x—0" _ x—0" _ NN 2 X0 -
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1.3 LIMITES EXPONENCIAIS

Relacdo Fundamental:

X
Lim (l+ E) =€

X—)ook X
Inversao de variavel:
1
Sex="__
y
- R 1
EntdoLim (1+y)y =e
y—0
Artificios de auxilio:
X k-x
. — .oav-1
Lim a1 =Ilna < Lim
x—0 X x—0 X

Lim (1+ ky)y =e*’

y—0
Lim (l+ E\IM =gk
X—>e0 K X )

Veja algumas resolugodes:
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_ _ (Zn +3)™
1) Limf(x) = Lim |
o o 2n—1)
Solucéo:

n—
Fa(;a:n+1=1.'.n=1—1.'.[ ”

n1 0+l=00. Yy >0
Lim f (x) =Lim (ng\
x> o= 2n—1)
[ (1 i

\\ J+3

Lim f(y)=Lim —y—

y—>0 y—®© | ( W
| 2] o —1]-1

L) ﬁ
|_2—2+3—L
Limf(y):Lrlr;gMgz 1)
Ly ]
r2+l—|%
Lim £ (y) = |_|m|y |
y=e y”°°|2;3|
by
23]
2~7+1
Lim f(y) :Liml ~
y— y”‘””( 1 TL
2-4yL—3
\ )
Lim 2;-Lim| l+1)¥
Lim £ (y)= LY )

Lim 2 s Lim (—— 1\
e ey

: 2°.e : 1e
Lim f(y)=W:5LT F(y)=t== LM f(y)=-e

= )
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Tg x

2) lef(x) L|m|1+_w

»2 xa—zk Tg X}
Solugéo:
(X_>Lr
1 2
Faga::Fg_X:y ~Tgx= — I
y ( ) l.y—>1
\2)
Tgx
Limf(x) = L|m|(1+iw
XHZ x>% k TgX)
LIT f(y)= L|m(1+y)
y—
Lim f(y)=(1+1)I
y—
Lim f(y)=2
y—>
3) Lim f(x)= Lim (1+CosX)cosx
xe% X—)%
Solucéo:
[ 3z
11 X=72
Faca:ecgsx =— .. y=Cosx.".{ (3_
y [Cos =0..y—>0
[ (2

1
Lim f(x) = Lim (1 + Cos X)cosx

V4 Y4
X—>= X—"
2 2

. ] 1
Lim £ (y) =Lim (1+y),
Lim f(y)=e

y—0

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados



4) Limf(x) = Lim (1+ 10y

X—® X—»00 K X)
Solugéo:
- _ (.10}
Limf (x) = Lim Lf _1
X—® X—»0 X)
10 10 [¥—2
Faca:y=— " X=—-110 _ oy
| x
Lim f(x) = Lim(1+9\|
X0 X—>00 K Xlg
Limf(y)=Lim(1+y)y
y—0 y—0
|_ l—|10
Lim f (y) = Lim L(“ y)vJ
Limf (y)=e"
y—0

X+3

6) Limf(x)=Lim 45—1

x—-3 X—>-3 5. X+ 3
5
Solucéo:
451
Lim f (x) = Lim B
x—-3 x—-3 5. X+3
5
X+3
5_
Limf (x) =Lim 1_-4 1
x—>-3 x—»>-35 X+3
4%
5xt3
Limf(x):Lim1~Lim4 1
x—>-3 x—>—3§ >3 X+3
5

Limf(x):1_~ln4

x—>-3 5
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5) Limf(x) =Lim 107°-1

x—2 -2 X—=2

Solugéo:

Lim f (x) = Lim 10°°-1

x—2 =2 X—=2
Lim f(x) =In10
X—=>2

7) Limf(x)=Lim 5°'=25

x—2 -2 X—2
Solucéo:
Limf(x)=Lim 5 =25

x—2 -2 X—2

X_52

Lim f =Lim
XLZ (X) XLZ X_z
(5"

_ _5%] 5 -1
Limf(x)=LiIm——=
x—2 x—2 X—2

2 g(x2)_
Limf(x)=Lim2 % »—1
x—2 Xx—2
(2) _
Limf(x)=Lim5% Lim > 1
X—2 X—2 x—2 X—2

Limf(x)=5*1In5

X—2

Limf(x)=25In5

X—>2
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1

8) Limf(x)=Lm 3%-1

x—>1 x->1 Senb . (X - 1)
Solucéo:
(x-1) (x-1) 3@1} -1
. A . e . I A
Limf(x)=Lim 3"-1 =lLimf(x)=Lim 3"-1 =Limf(x)=Lim 5x-5 _
x—1 x—>1 Sen5.(x_1) x—>1 -1 Senbx =5 x—1 -1 Senbx —5
9X—95
g = =
3\4) 34 _ 1 3 4/_
Limf (x) = Lim KAT):Limf(x):Lim \ 4/I:>Limf(x)=Lim L4 _
x—1 x>1  Senbx -5 x—1 -1 Senbx -5 x—1 x-»1  Senbx -5
5X -5 5x -5 5x -5
&
Lim® oLim® V-1

xelz_o x—1 X _1
= Limf (x) = 4

: 1
= Limf(x)= ~-In3
X1 Lim Senbx -5 X1 20
x>l BX —H
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9) Limf(x)=Lim €~ —¢"

x—0

Solucéo:

x—0 X

Lim f (x) = Lim &~ =€

x—0 x—0

X
~bx |_( e ) ]
I_L e—hx /l_]-J

Lim f (x) = Lim—

x—0 x—0

Lim f (x) =Lim e™™ - Lim

x—0 x—0

b-0

x—0

=20 X
Limf(x)=e .In(e_]}

e

Lim f (x) = e°- (In e?~In e‘b)

x—0

x—0

Lim f (x) =1. (oge: ~log, )

Limf(x) =—a— (- b)

Limf(x)=b-a

x—0
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1.4 LIMITES TRIGONOMETRICOS

Relacdo Fundamental:

Lim Senx _ 1
x—0 X
Veja algumas resolugodes:
D bigf (x)=Lim 2 Limf(x) =Lim Sen3x
%0 “ss0 X x—0 x-0 Sendx
Solucdo: Solugédo:
. . Sen2x : . Sen3x
Limf(x)=Lim Lim f (x) = Lim 222
%0 %50 X x—0 =0 Sen4x
Lim § i Sen2x 2 Sen3x
imf(x)=Lim :
x>0 (x) -0 X 2 Lim f (x) = Lim —%
x—0 x—0 Sen4X
Lim f (x ) = Lim 2. S€n2X X
x=0 x>0 2X Sen3x 3
Lim f (x) = Lim 2 -Lim >c"?X %3
x—0 x—0 =0 2X Lim f (X) =Lim__
Limf(X)=2X1 x—0 x—0 Sen4X.4;
x—0 X 4
I;Lrglf(x)=2 3'Sen3x
Lim f (x) = Lim—SX
x>0 x>0 Sen4x
4.
4x
Lim 3 - Lim Sen3x
Limf(x)= x>0 x>0 _ 3x
0 Lim4-Lim >
x—0 x—0 4x
Limf () =<
x>0 4 x1
. 3
Limf(x)=_"
x—0 4
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9 Limf(x) = Lim 7%

x—0 x—0 X
Solucéo:

Lim f (x) = Lim 7%

x—0 x—0 X
Senx

Lim f (x) = Lim-COSX

x—0 x—0 X

Lim f () = Lim—2X . L

x—0 x—0 X

Lim f (x) =Lim @i

x>0 o0 4 X Cosx

Limf(x)=1-

x>0 Cos0

Limf (x) =1x1

x—0

Lim f(x) =1

x—0
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o Limf(x) = Lim S%€=1
x—>6 x—6 H

Solucéo:

Lim f (x) = Lim £25¢=1

x—>0 x—>6 o

Lim  (x) = Lim Cosf-1 Cos6+1

x—>6 x—0 o Cos@+1

Lim f (x) =Lim Cos ?6— 1?

x>0 0 0. (Cosf+1)
Cos’0-1

Lim f (x) = Lim

x—06 00 - ‘C059+ 1’

2
Limf(x) =Lim —Sen?

x—>0 x—>0 9( 0s6 1)
;Sene )-(Send)

Limf (x) =Lim -1-

x—0 x—>6 0 (COS@+ 1)
Limf(x) = Lim—1. Send  Send
x>0 x>0 6 Cosf+1
Lim f (x) = —1x1. _>€N0

x>0 CosO+1
Limf(x)=-1- O

x>0 1+1
Limf(x)=-1x0

x—0

Lim f(x) =0

x—=0
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5 Limf(x) = Lim >c"X
x—0 x—0 X
Solucéo:
Lim f (x) = Lim >enoX
x—0 x—0
Lim f (x) = Lim endi 9
x—0 x—0 X 9
Lim f (x) = Lim 9 - >e"oX
x—0 x—0 9
Lim f (x) = Lim 9 - Lim)éengx
x—0 x—0 x—0 9X
Limf(x)=9-1
x—0
Limf(x) =9
x—0
) ~Senl10x
7  Limf(x) =Lim
x—0 =0  Sen7x
Solucéo:
_ ~SenlOx
Lim f (x) = Lim
x—0 -0 Sen7Xx
Sen 10x
Lim f (x) = Lim
x>0 x>0 Sen7x
X
Senl10x *18
Lim f (x) = Lim
x—0 x—0 Sen7X ) Z
7
Sen10x

Lim10-Lim —10x

IYLI,J] f (X) — x—0 x—0

- —SenT7x
Lim 7 - Lim
x>0 x>0 X
Lim f (x) = 201
x—0 71
Lim f (x) = 10
x—0 7
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§ Limf(x)=Lim> c"¥
x>0 x—0 3x

Solucéo:
Lim f (x) = Lim >on#X
. % 3 Senax 4
Limf (x) = Lim = - Lim >0 . %
x>0 x>03 x50 X
Lim f (<) = Lim = - Lim 4 . >
x—0 x—>o]:f, x—0 4)8( A
Lim f (x) = Lim = - Lim 4 - Lim >°"%
x—0 1x—>03 x—0 X0 4X
Limf(x)="-4-1
x—0 3
Lim f (x) =i
x—0 3

8) Limf(x) = Lim >c" &

x—0 x—>0 OENDX

Solucéo:

Lim f () = Lim 0" &

x—0 x—0 OEeNDX

Sen ax

Lim () = Ling—sgipx

X

Sen ax a

Lim f(x) = Lim—*—2&
x—0 x—0 Senbx b

X b

Lima - Lim Sen ax
Lim f (X) = x>0 x—0 ax

X0 Limb -Lim Sen bx
x—0 x—0 bX

. 1

Limf)= 22

x—0 ( ) b 1

. a

Limf(x)= =

x—0 ( ) b
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: . Tgax
9) Limf(x)=Lim
x—0 x—0 X
Solucéo:
Lim f (x) = Lim 19 &
x—0 x—0 X
Sen ax

Lim f (x) = Lim ©0S &

Marcelo Santos Chaves

X0 x—0 X

Lim f () = Lim " &1

x—0 x>0 _C0S ax

Lim f (x) = Lim SR

x>0 x>0 Cosaxxa
Limf(x)=Lima. Senax 1
=0 X0 ax Cos ax
Limf (x) = Lima- Lim ~c" & Lim
x—0 x—0 450 T *0 m
Limf(x)=a-1

x—0 Cos 0
Limf()=a-1. 1

x50 1

Lim f (x) =a
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3 X+1
PN e
10) Lim f(x)=Lim————~
x—>-1 x—>-1 (X + 1)3
Solucéo:
Tq ?{x + 1)
Lim f(x)= Lim 4
x—>-1 x—>-1 (X + 1)3
)
3 T93 |
4)
Lim f(x)= Lim
x—>-1 x—>-1 3 (X +1)3

1
Lim f(x)= Lim%)

(x+1)

Fa(;a—>u=x+q1 SLoXx=4u-1

x—>-1 x—>-1

Se:x>-1.u->rx

Lim f (x) =Lim _ Tgu

U—>7 uaer4u -1+1
Lim f (x) = Lim ' 9"

U7 -z 4u

Senu

- - Su
Limf(x)=Lim

u—-7z >z 4Uu

Lim f (x) = Lim Senu_1
S -7 Cosu 4u
Lim f (x) = Lim Senu_ ;1
U7 -7 COSU  u»z4u

Limfoo= 671

u—7 Coszwt 4rm
. 01
Limf(x)= — —
u—>m () —-14r
Lim f(x) =0

Uu—->7mw



1) Limf(x)=Lim * ~ %X

x>0 x—0 X
Solucéo:
Lim {09 = Lim 1-Cosx
x—0
- §Cosx 1)
Limf (x) =Lim
x—0 x—0
Lim f (x) = Lim — 1. LmCOSX !
x—0 x—0 X—>

Limf (x) = Lim — 1L|mCOSX 1 Cosx+1

X0 X0 x50 X Cosx +1
Limf (x) = L|m 1- L|m ;(__Ct_scgg_x;;hl)
x—0

Cos’x—1
Limf(x) = L|m 1. L|m
x—0

— Sen’x
Lim f (x) = L|m 1-Lim x-(Cosx+1)

x—0 x—0

—(Senx)- (Senx)
Lim f (x) = L|m 1-Lim  x-(Cosx+1)

x—0 X—> x—0

—1-(Senx) (Senx)
Lim f (x) = Lim — 1- Lim - Lim
xLo (x) >I<—>o >!—>o X =0 (COS X +1)

Lim f (x) = —1x (= 1). €10
x—0 Cos0+1

. 4 (_1. 0

Lim £ =~1x (-1) 15
Lim f (x) = -1x (— 1)>< 0

x—0

Lim f(x) =0

x—0
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1) Limf(x) = Lim * ~ €%

x—0 X0 X2

Solugéo:
Lim f (x) = Lim - ~ €95 %

x—0 x—0 X 2

. _ =1(Cosx-1)
Lim f (x) = Lim

x=0 x—0 XZC 1
Lim f () = Lim — 1. Lim ~>> %~

x—0 x—0 X—0 X2
Lim f (x) = Lim — 1. Lim 08X~ 1, Cosx+1
x>0 x>0 x>0 X2 Cosx+1
Lim f (x) = Lim — 1- Lim  Cos *x —1°

x—0 x—0 x-0 ¥ 2, (COS X + 1)

2

Limf (x) = Lim— 1. Lim €' x—1

x—0 x—0 x—0 X 2 (COS X + 1)

2

Limf(x)=Lim—1-Lim  —Sen'X

x—0 x—0 x—0 XZ'(COSX+1)

—(Senx)- (Senx
Lim f (x) = Lim—1- Lim x-x- (Cosx + 1)

x—0 x—0 x—0
(Senx) (Senx) -1
i —Lim—1. i o Lim - Lim
l;LT f (X) LJ(TO 1 L)!Ln() X x—0 X x—0 ‘ Cos x +1)
Limf(x) = —Ixixl. — %
x—0 Cos0+1
Limf()=—1. %
Xx—0 +
im0 = 1. [ 11\|
x—0 1 K 2)
Lim f(x) ="
Xx—0 2

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados



13) Limf(x)=Lim (x—3)-Cosec(x)

x—3 x—3
Solucéao:

Lim f (x) = Lim (x—3)-Cosec(7zx)

x—3 x—3

Lim f (x) = Lim (x— 3) —

X3 X3 en(;zx)

Limf (x) = Limﬂ

x—3 -3 Sen 7Z'-7ZX)
X—3

Lim f (x) = Lim

x-3 -3 Sen(37z — 7x)
X—3
Limfe)=Lim X3

- s Sen(37 o)

Lim f (x) = Lim 1
x—3 -3 T Sen(372'_ 7ZX)
T (>i— 3)
Limf(x) = Lim a3 0
( 572')
Lim f (x) = Lim 1

X3 X3 _M‘Wi
sz -31)

Limf (x) = o2 LM

e Limz- Lim %e ”5_3761

x—3 x—3
Limf()= L1
X—3 72'.1
: 1
Limf(x)= =
X—3 V4
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14)  Limf(x) = Lim 6X — Sen2x

x—0 x>0 2X + 3Sendx
Solucéo:
i . 6x—Sen2x
Limf(x)=Lim
x—0 x—0 2X + 3Sen4X
2X
6x — Sen2x-
Lim f (x) = Lim 2x
x—0 >0 9% +3Sendx - 41
( sens
6X — 2X - ﬁer;j
Limf (x) = Lim Z.
Y50 (x) = M+ 3 x| Senax
l\%/l
6x— x| g‘g)
Lim (09 = Lim——gong
2 +12x.|K |
Lim f (x) = Lim m&\
x—0 Xx—0 . ¥ ( J
Lim (6_2), Lim |(n2X |
Lim f »
x—0 X%O’TL‘%J
Lim f (x) =2—2>1
x—0 2 +12)<1
i il
Limf(x)= —
x=0 14
i 2
Limf(x)= =
x—0 ( ) 7



15 Limf (x) = Lim Cos 2x — Cos 3x

x—0 x—0 X

Solucéo:
Lim  (x) = Lim Cos 2x —ZCos 3X
x—0 x—0

_ ZSen(2x+ 3x] Se ((2x —3X)
Lim f (x) = Lim 2 FL 2 J
x—0 x—0 X

:28en(5x\ Sen( X
Lim f (x) = Lim 2 L EJ

x—0 x—0 (5)ﬂz|—
—2Sen (x)\]
L =)

Limf(x) = Lln"
- ZSen( 5x ) XSen(X\
Lim f (x) = L|m L?J L?J
- ZSen( 5%ﬁ Sen( X
Lim f (x) = Lim 2 LiJ
” " ZSen?( X\ Sen A ZSen(SX\ Sen(x\
Lim f (x) = Lim k'zJ L ’I:Limf(x):Lim d?J L2)|:>
x—0 x—0 X X 2 x=0 x—0 X 2 [;J
S (5x) 5 Sen(x\ 5 (5x) Sen(x\
LN S )

= Limf(x)=Lim __\ gJ 2 _, 2’ = Limf(x)=Lim 2 )2 J 2)

x—0 x—0 X-|‘ 7\ L\ x—0 x—0 {|XJ LX\

\ZJ ZJ £x) (2 2)
(5x) Sen
) Lo

= Limf (x) = Lim 5¢Lim 2= Lim 2

x—0 x—0 2 x—0 (SX‘W x>0 (X)

\Z) \2)

= Limf (x) = > x1x1

x—0 2
— Lim f(x)=>

x—0 2
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16) Limf (x) = Lim 1-2Cos x + Cos 2x

x—0 X—=0 X2
Solucéo:
LiT f(x) = Limo 1-2Cos x2+ Cos 2x
X—>! X—> X
_ ~ 1-2Cos X + 1 —2Sen?x
Lim f (x) = Lim
x—0 x—0 X 2
_ ~ 2-2Co0s X — 2Sen*x
Lim f (x) =Lim
x—0 x—0 X 2
_ _ 2-[1—Cosx—Sen2x]
Lim f (x) =Lim
x—0 x—0
2 - 28en YX\ — Sen’ x
Lim f (x) = Lim L 2 |
x—0 x—0 X 2
4Sen’ (é) — 2Sen*x
Lim f (x) = Lim
x—0 x—0 X2
4Sen2(;] 2Sen?x
Lim f (x) = Lim _
x—0 x—0 X 2 X 2
X
_ _ 4Sen’ (2] 2Sen’x
Limf (x) = Lim _
x—0 x—0 XX X 2
4Sen’ (é) 25en’x
Lim f (x) = Lim o\ — 2
x—0 x—0 [ £ | £ X
d 0 x]
\2) \2)
4Sen’ 7){1] 2Sen”x
Limt0) =Lim ey ——xe— = LI
#\2)72)
Sen’ (é] Sen’x
= Lim f (x) = Lim —Lim 2 -Lim
x—0 x—0 x—0 X0 X2

=Limf(x)=1-2
x—0
= Lim f(x) =—

x—0
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= Lim f(x)=Lim

x—0

4sen’ 1\2/1 2Sen’x

(x)Y ~——
4. _|
\2)

=
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CAPITULO Il
ESTUDO DAS DERIVADAS
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2. DERIVADA DE UMA FUNCAO
2.1 REGRAS DE DERIVA(;AO
2.1.1 Derivagéo pela Regra do Produto

Formula:

h(x)=g(x)-f*(x)+f(x) g (x)

Veja algumas resolugdes:

1) y=(2x+1)-(3x? +6)

Solucgéo:

y =(2x+1) -(3x% +6)+ (2x+1)-(3x +6)
y'=2-(3x2+6 )+ (2x+1)-6x
Y'=6Xx2+12+12X%+6 X
y'=18x%2+6x+12

2) f(x)=(1+3x)-(5-2x)

Solugéo:

f'(x) = (1+3x)- (5-2x)" +(5-2x)- (1+3x)'
f'(x)=(1+3x)-(-2)+(5-2x)-3
f'(x)=-2-6x+15-6x
f'(x)=-12x+13

3) f(x)=(1+5x)-(2+3x)

Solugéo:

(%)= (1+5x2)-(2+3x)'+(2+3x)- (1+5x? )
f'(x) = (1+5x?)-3+(2+3x)- 10x
f'(x)=3+15x ?+ 20x + 30x *
f'(x)=45x+20x+3

Marcelo Santos Chaves
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2.1.2 Derivacao pela Regra do Quociente

Formula:

() =9 0010 =17 () - g(x)

[0
Veja algumas resolugodes:
_2Xx+4
b y_3x—1
Solugéo:
(2x+4) - (3x-1)-(2x+4)-(3x-1)
Y= (3x—1)
_2-(3x—=1) —(2x+4)-3
(3x -1y’
,Zfsx—z—(esx2+12):> ,=6x—2—6x2—12:> . _2_12zz>y,=_m4 2
(3x-1) (3x-1) (3x-1) (3x-1)
X—8
2) f(X)_sx—4
Solucgéo:
f,(x):(Bx—4)-(x—8)'-(x—8)-(3x—4)'
(3x—4)’
f,(x):(Bx—4)-1—(x—8)-3
(3x—4Y’
f,()()_3x—4—3x+24
(3x—4)’
oy 2
(X)_(Bx—4)2
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4 x %+ 5x
(x+3)°
(x+3)° - (4x2 +5x) - (4x? +5x)-[(x+3)2]

[(x+3)]

f'(X)z (X+3)2 ,(8X-i-5)-(4)(2 +5X)'2(X+3)-(X+3)'

3) f(x)=

Solugéo:

f(x)=

(x+3)°
£ (x) = (x+3)* (8x+5)- (4x? +5x) (2x+6)-1
(x +3)°
£ (x)= (x+3)°-(8x+5)-(4x? +5x) (2x+6)
(x+3)*

2.1.3 Derivagéo pela Regra da Poténcia

Formula:

F ()=l ux)]

Veja algumas resolucodes:

1) vy :(x2 +5x+7)7

Solugéo:

y':7-(x2 +5x+7)6 -(x2 +5x+7)
y=7-(x2+5x+7) -(2x+5)

y = (x* +5x+7) (14x+35)

Marcelo Santos Chaves
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2) f(x)=+(x2+2x+14)

Solucgéo:
f(x):(x2 +2x+14)l/2
f'(x):%-(x2 +2x+14)71/2 -(x2 +2x+14)

f'(x):%-(x2 +2x+l4)fl/2 (2x+2)

1
f'(X):E.(x2+2xl+14)1/2 '(2x +2)
f,()():1‘D(2x+2)

e
fr(x)= 2X + 2

2Vx 2+ 2x+ 14

2.2 DERIVACAO DE FUNCOES PARTICULARES
2.2.1 Derivacao de Funcéo Exponencial
Formula:

f'@)=a"-u-lna

Veja algumas resolugodes:

1) y = 32x2+3x+1

Solucéo:

y =3 (2x2 +3x+ 1) -In3
y'=327" (4% +3).In3

Marcelo Santos Chaves
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1 X
2) y=(_}r
\2)
Solucéo: :
y'=| |f°[ X]"” =y =| |[<|(X)2|,|n = y=] If- (x)2:In =
AN R 6 el & DR B
\2) 2 \2) L 1} % \2) 2 >

:3Y=L?J'é”_fm%

WXE x 2
R o
\2) 2Jx 2

2.2.2 Derivacao de Funcéo Exponencial de Base €

Formula:
f'(x)=e*(x)
Exemplo:
F(x)=el*
Solucéo:

f'(x):e(xz”)-(x2 +x)

f'(x):e(X ). 2x
f'(x):2x.e(x2“)

2.2.3 Derivacédo de um Logaritmo Natural

Formula:

Exemplo:
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y=In (3x2—7)
e
)= 3x*-7

% 6 X

Coxi1

2.2.4 Derivacao de Funcao Logaritmica

Formula:

Exemplo:

y — |Og 2(3 X2 +7 x—l)

Solucéo:
. (3x2 +7x—1)
Y Gx*+7x-1) 2
6X+7

yl:(3x2+7x—1)~ In 2

2.3 DERIVACAO DE FUNCOES TRIGONOMETRICAS

Rela¢des Fundamentais:

1)y =Senx 2)y=Cos X 3)y=Tgx
Solugao: Solucéo: Solucéo:
y'=Cosx- X' y'=—Senx - x' y'=Sec’ x-x'
5)y = Secx 6 )y = Cos sec x

Solucéo: Solucéo:

y'=X" Secx - Tg x y'=—Xx"Cos sec x - Cotg x

Veja algumas resolugodes:

Marcelo Santos Chaves
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4)y=Cotg x
Solucéo:
y' = —x"-Cossec’x
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D)y= ~x-1
Sec
Solucao:

y=(ﬂ) .Sec x—-1.Tg Jx-1
y'= L(X—l)ﬂ .Sec \/H-Tg \/ﬁ

y'=—-(x-1) z-Sec \x-1-Tg +/x -1

<
Il
N =N

_Sec [x=1-Tgx-1

oSec\/ —-1-Tg/X—
y'= 'Sec\/XTI'Tg \/XTI

3) y=Cotg (x3 —2x)

Solucao:

y = —(x® - 2x] - Cos sec?(x* — 2x)
y = —(3x% - 2) Cos sec?(x® - 2x)
y = (= 3% +2) Cos sec?(x* — 2x)

5)y=Tg*(3x+1)

Solucéo:

56

2)y=Cos sec (X2 +4)
Solugéo:

- .C
y'yl —2();( goi)seCOG(STégj Cotg) &otg AS

4)y = Cos 3x*
Solucao:

y' = —(3%) - sen 3%
y' = —(3x2 ) . Sen 3x°
y'=—6x - Sen 3x°

y'=3Tg (3x+1)""-Tg (3x+1)
y'=3Tg (3x+1)2 Sec’(3x+1)-(3x+1)
)3

?(3x+1

Marcelo Santos Chaves
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2.4 DERIVACAO DE FUNCOES TRIGONOMETRICAS INVERSAS

Formulas Fundamental:

1) arc Senu

2) arcCosu

3) (arcTgu) = N =
+

, u
4) (arc Secu) B e—
=
5) (arcCossecu) =__ =
luj-vVu?-1

Veja algumas resolugdes:

1) y=arc Sen v/x

Solugéo:
{ 12]' f
' ( ﬁ ' X i',)(z
y = ) :>y :\/ =
=
J1-(x) =  Y1=x
1
:y':—ZV&:y‘: 1 . 1 :>y':
J1-x 24 1-x

2) y=arcTgx?

Solugéo:
(x

")
2X
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2.5 DERIVACOES DE ORDEM SUCESSIVAS

Veja algumas resolugodes:

1) y=3x>+8x*, n=6 2) y=e? n=3
Solucéo: Solucéo:
NS .
y'=60x>+ 16 \2)
y" =180x? X
— 2
y =360x y=e¢e
Y= 360 y =Lez
...... _0 2 )
L 1~ (1)
y":_.e2.| _.X|
2 \2 )
y":l_. E.eé
2 2 ) .
1 X 1 - (1 \
y == -e? wo=_-e2 x| >
4 =Y 4 2 )
1 1 x 1 X
=_._.e% N :_.e%
=Y 73 =y 3

2.6 DERIVACOES HIBRIDAS
2.6.1 Envolvendo Regra da Poténcia e Quociente

Veja algumas resolucdes:
3x+2Y

y -
) y_\x+1J
Solucao:

(3x+2Y (3x+2)
¥ =8| o
\ x+1) >x+1 ) .
(3x+2) (3x+2)-(x+1)—(3x+2)<(x+1)\|
'=5. .
g l\x+1b|> (x+1) )
13x+2\4 3-(x+1)-(3x+2)1)
5. .
\x+1b|\ (x+1) )
(3x+2) (3x+3-3x-2)

=5. .
l\x+1b|> (x+1) )|
(3x+2\]4.| 1 )
y=5{ x+1  (xx1f
\ )\ )
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2 f(x):(5x2+3x)

2x°% + x)3
Solugéo:

(2x2 + x)3 [(5X2 +3x)4]' (5x2 +3x)4 -[(Zx2 + x)s]'

f1(x)= :
el o o
(2x2 +x)" 4-(5x2 +3x) -(5x% +3x) — (5x% +3x)"-3-(2x% + x)' -(2x% + )
£(x)= ,
[(2x2+x)3r
(2x2 + )} -4-(5x% +3x) -(10x +3) — (5x7 +3x)"-3-(2x% + x) -(4x +1)
f1(x)=

[(ZX2 + x)s]z
fr(x) = (2x% +x) (5x* +3x) -(40x +12) — (5x* +3x) -(2x* + x| -(12x + 3)
(2x% + )

2.6.2 Envolvendo Regra da Poténcia e Produto

Veja algumas resolucoes:

1) y=0@x+1] (x-x?)

Solugéo:

SRV S R Yy B PR

y=3.(3x2+1] (3x% +1) -(x=x?) +(3x% +1)° 2. (x=x? - (x - x*}
y=3-(3x% +1) 6x-(x=x2) +(3x% + 1) 2+ (x = x? )-(1- 2x)

y =18x-(3x% + 1) (x = x* ) +(3x% + 1) -(2x - 2x?)-(1-2x)

2) f(x)=(5x% +3x) -(2x% + x)?
Solugéo:
4

f'(x)= (5x2 +3x) (2x% +x)¥+(2x% +x)® -(5x2 +3x)4'

3(2x7 + %) (2% +x) +(2x7 +x)° -4-<5x2 +3x)3 -(5x2 +3x)
3:(2X% 4 X)2(4x+ 1)+ (2% +x)° -4-(5x% +3x)" -(10x + 3)
(2x% +x)?(12x+3) +(2x% +x)* -(5x2 +3x)3 (40x +12)

f'(x) (5x2 +3x)4
f(x) = (5x% +3x)

f'(x):(5x2+3x)
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2.6.3

2.6.4

Envolvendo Regra do Quociente e Fungcdo Exponencial na base €

Exemplo:
y=e%
Solucéo:
y'=e%;1 (x+1plne
X1 >(X )j 1)-(x+1)-(x-1)
y'=e*?t. | )2 )|'1
y e, Fl (x=1)- (x+1) 1\| |(X—1—X—1\‘:>y,:e)&kl(| -2 )
) ST L(x-17 )

Envolvendo Regra do Produto e Funcéo Exponencial na base €

Exemplo:

y — e><-Inx
Solugéo:
y =" (x-Inx) -Ine

y:e*'”x-(x' ‘Inx+x-lnx')-1

y' =™ -(1-Inx+x- X_W
e [ >/

y=e"" - Inx+Xx-

X
y' =" (Inx+1)

2.6.5 Envolvendo Logaritmo Natural e Regra do Quociente

Exemplo:
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e éx+1)—(ex) 1 eX - (x+1)—¢* e [(x+1)-1]
e fxifgﬁ s fiffﬁ o &2'
= (£+1)2 ]'(Xe—tl):y_ x+1

2.6.6 Envolvendo Func¢des Trigonométricas e Regra do Quociente

Exemplo:

_ Cos 4x
Y= 1-Sen4x
Solugéo:

(Cos 4x) -(1—Sen 4x)—(Cos 4x)-(1— Sen 4x)

V= (1-Sen4x)?

. (=4x) -(Sen4x)-(1-Sen 4x)—(Cos 4x):(— 4x) -(Cos 4x)
= (1-Sen4x)’

. —4-(Sen4x)-(1-Sen4x)+4-(Cos4x)- (Cos 4x)
= (1-Sen4x)’

. —4-Sendx+4-Sen*4x+4-Cos?4x

B (1-Sen4x)?

. —4-Sendx+4-(Sen? 4x+Cos?4x)

- (1-Sen4x)’

_—4-Sen4x+4-(1)

(1-Sen 4x)’

. 4-(=Sen4x+1)

~ (1-Sen4x)’

. 4
= (1-Sen 4x)
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2.6.7 Envolvendo Fung¢des Trigonométricas e Regra do Logaritmo Natural
Exemplo:

y = In (Cos sec x + Cotg x)

Solucéo: '
(Cossec x + Cotg x)

Y= (Cos sec x + Cotg x)
(Cossec x) +(Cotg x)
~ (Cos sec x + Cotg X)
. (~Cossec x-Cotg x )+(~Cossec2x) . =Cossec x-Cotg x — Cos sec? X
- (Cos sec x + Cotg x) =Yy -

(Cossec x +Cotg x)

Lyas Cos sec x - (Cotg x + Cos secx)
(Cos sec x + Cotg x)

= y'=-Cos sec x

2.6.8 Envolvendo Func¢des Trigonométricas Inversas e Regra da Funcéao
Composta

Exemplo:

y:XSenX
Solucéo:
y'=Sen x - x* . x +x ¥ Sen X - Inx
y'=Senx-x*"*.x.1+x*"*.Cos x-Inx

. 1
y'=Senx-x** . —+x*". Cos x - Inx

Sen x

Sen x- X Sen x
y'=—  +X -Cos x-Inx
y':xse”x-)TsenX+Cosx~ln x|\

L X )
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2.6.9 Envolvendo Funcdes Trigonométricas Inversas e Regra da Funcgéo
Poténcia

Exemplo:

y = (1 + arc Cos 3x)°
Solucéo:

y =3-(1+arcCos 3x)3‘1(-(1+ arc Cos 3x)
: 2 | —(3X)
y =3-(1+arcCos3x) -0+

L -6
y =3-(1+arc Cos 3x)’ (Lli—:;xz}
9-(1+arc Cos 3x)°

J1-9x2

y=-

2.6.10 Envolvendo Funcdes Trigonométricas Inversas e Regra do
Logaritmo Natural

Exemplo:

y=In (arch xz)
Solucéo:
- (arcTg x?)
(')

2X
o 1+(x? : W) . 24y (1
Y—( Qj = =
arc Tg x - (archx ):y +x) arc Tg x -

_ 2X
(L +x)(arcTg x?)

=y

2.6.11 Envolvendo Fung¢des Trigonomeétricas Inversas e Regra da Funcéo
Exponencial

Exemplo:
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y = 3arc Sen x*
Solucgéo:
y = 3esns %arc Sen X3)'T In3

3
' marcSenx |(X
y=3 29l L 1.In3

Vi

] 3x?

y =3 : -In3
| V1-x°

o 3arcSenx3_3X2'|n3

y_
V1-x°

2.6.12 Envolvendo Func¢des Trigonométricas Inversas e Regra da Funcao
Composta

Exemplo:

y — (Tg X)arctg X
Solugéo:
y = (arctg x)- (Tg x)****(Tg x) +(Tg x)**** (arctg x) -InTg

y = (arctg x)- (Tg x)*°* (Tg 1x)‘1 (Tg x) +(Tg x)**“* (arctg x) -InTg
.:( )( )arctgxl 9 ,+(

. ) arctg x ) X
(Tg ) Sec x x Tg x )

y arctgx Tgx 1%

' InTg

y = (arc tg x)- (Tg x)™°*. %X)-Seczx-H(Tg X)Me ﬁ-lnTg
(arctg x)-(Tg x)™*-Sec’x  (Tg x)™"“*-InTg
+

= (Tg x) 1+x°
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3. INTEGRAIS INDEFINIDAS
3.1 REGRAS DE INTEGRACAO

3.1.1 Pelo Teorema Fundamental do Célculo

Formula:
n+1
jx”dx:X +C
n+1
Exemplo:
jx“ dx
X4+l
f(x)=
(x) 4+1
X5
f(x)=—+C
(="
3.1.2 Para uma Func¢éo Exponencial
Formula:
k-x
Iak'xdx: +C
k-Ina
Exemplo:
4x
[3%dx= > ¢
4-In3

3.1.3 Para uma Funcéo Exponencial de base €

Formula:

k-x

Iek'xdx :eT+C

Exemplo:
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6 X

Je“dx = e6 +C

3.1.4 Para Deslocamento de uma Constante

Formula:

J.a - dx

aj dx=ax+C
Exemplo:

I2dx

Zjdx =2x+C

3.1.5 Para uma Funcéo Logaritmo Natural

Formula:
1
[“dx=In(x)+C
X

Exemplo:

[Cax=f6-Lax=6-In(x)+C
X X

3.1.6 Para uma Soma e Subtracéo

Formula:

[Lf(x) % g(x)]ex
[ £ (x)dx+ [ g(x )

Exemplo:
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I(3x2 —4x° )dx

Solucéo:

Iszdx—I4x3dx

SIxzdx—4Jx3dx
X 2+1 X3+1

241  3+1
X3 X4

3.1.7 Veja algumas Resolucdes

1)  (5-4t)dt
Solucéo:

j 5dt — j Atdt
5jdt —4jtdt

f _ _4. tl+l
(x)=>5t -

1
f(x)=5t—4.°

2
f(x)=5t-2t*+C

3) K2+X2)X(3+ xz)dx

Solucéo:

I(G + 2+ 3%+ x“)dx
I(G + 5%+ x“)dx
I6dx+ I5x2dx+ L)f“dx
f(x)=6x+5- X

X A+1
+
2+1 4+1

5

f(x):6x+5i +i+c
3 5
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(12 +12x — 3x%)

2) |l lox
J \ S Y
Solucéo:
12 p12x 3%
.[ X4 +-[ X4 B W

Ile"‘dx + .[12x : (x’4 )dx— I3x3 -(x’4 )jx

X—4+1 -3+1
f(x)=12 +12 —3]-] dx
-4+1 -3+1 X

-3 -2

f(x)=12.X3+12.

3In(x)

f(x)=-4x"° +6x7° -3In(x)+C

4) Y _3xe sy
dx
Solugéo:

dy = (3x2 —4x3)dx
jdy =I(3x2 —4x3 )dx
y= I3x2dx—j4x3dx

2+1 3+1

y =3x X~ _4xX
2+1 3+1
y=3><£—4><x4
3 4



5) J.\/;dx
Solucéo:
Jx“zdx

(1/2)+1
f(x)

G
(1/2)+1

6) y = 200x*
dx

339 Iggzé(5)6x4 dx
[ dy = 200x*dx

4+1

X
=200
Y=
X5
=200x —
y X 5
y=40x"+C

3.2 TECNICAS DE INTEGRACAO

3.2.1 Método da Substituicao

Formula:

Veja algumas aplicagdes:

1) [(3x+5) 3dx

Solugéo:
u=3x+5
du

—=23.. du=3dx

dx

Logo:

Marcelo Santos Chaves

J 1001 0" (- ex= 1 (u)- oo

2) [e**-5dx
Solucéo:
u = 5x

%:5.'. du = 5dx
dx

Logo:
je“du

F(x)=¢"
F(x)=¢e"*+C
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7) I4z’ldz
Solijgéo:

4J’idz
f(x)=4In(z)+C



3) .“#,_EXLOZXdX

Solucéo:
u=1+x’

E =2X .. du=2xdx

dx
Logo:

Ié'du

F(x)=In(u)
F(x)=In(1+x*)+C

70

4) [(x+3)"-dx
Solucéo:

u=x+3

du

=1, du=dx
dx

Logo :

J'ulo-du

3.2.2 Método Integracéao por Partes

Formula:

[ (09

(0 =1 (0 9 (- 9 6 (1) 0
J‘u-dv=(uov)—J‘v-du

Veja algumas aplicagdes:

Marcelo Santos Chaves

1) J' xe*dx
Solucéo:
u=x

d—uzl.'. du = dx
dx

dv =e*dx
Idv=_[exdx

v=¢

J.u'dv=(x'ex)—_[exﬂdx
Iu -dv =xe"—¢*

'|'u-dv=ex(x—1)+C
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2) jx-lnxdx 3) Ixzexdx
Solugéo: Solucéo:
u=Inx u= X2
du _ 1_ du:dl d_u:2x.'.du = 2xdx
dx x X dx
dv = xdx dv = e*dx
Idv=jxdx jdv:jexdx

NG v=¢g"
V: _

2

Iu-dv=(u~v)—jv><du

J.u-dv:(u-v)—J.v-du

2) 32 dx Iu-dv=(x2)-(ex)—jex.2xdx
J'u‘dv (Inx). k?)l_.f?‘? u-dv=x’e*-2|e*xdx
o 1 u-dv=xte=2-[(x-1)-e]+C
u-dv=—Inx—-_| xdx
ooy e

ju-dv:—-lnx——+c
2 4

3.2.2.1 Obtencé&o de Formulas de Reducgéao

Através da técnica de integracdo por partes é possivel a obtencéo de
Formulas de Reducédo para determinados tipos de integrais trigonomeétricas.
Estas férmulas expressam uma integral com poténcia de funcdo em termos de
integrais que expressam uma poténcia de valor menorem relacdo aquela

fungéo.
Formulas:

ISen”x~dx:—loSe X - Cosx+ _[Sen -dx
n n

_[Cos X-dx = 1 .Cos"*x- Senx+ _[Cos X-dx
n n

Veja algumas aplicagdes:
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1) ISen3x-dx

Solugéo:
'[Sen3x-dx:—l-8en3‘lx-Cosx+u- Sen®*?x - dx
3 3
ISen3x~dx=—loSen2x'Cosx+g' Senx - dx
3 32
J'Sen X-dx=—""-Sen’x - Cosx— - Cos x
3
J.Sen x-dx:Cosx-(—l Sen? x \

)

2) ICos“x-dx
Solucéo:
ICos“x ~dx =

=

. Cos*x - Senx + a-1 J Cos*2x - dx
4

. Cos®x - Senx+§-jCoszx - dx

é‘(_
g #_
><_

4k2 2 )

x-Senx+§-Cosx-Senx+§-x
4 8 8
JCos X - dx = Senx - (1 Cos3x+§-Cosx\+§-x+C

|4 8 ) 8

-~

.[Cos4x~dx=

LN

)

- Cos®>x - Senx + _fCosz 2x - dx

)
-Cos X - Senx+ Il d\|

y

_[Cos“x ~dx=""-Cos® x - Senx +

LN

.[Cos“ X-dx=""-Cos®x - Senx +

.[Cos4x-dx= X - Senx + = -Cos X - Senx + = - X

_[Cos“x-dx:
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3.2.3 Aplicacbes envolvendo as Técnicas de Integracao

1) jx Sen 5x dx

Solucéo:

Consideramos:

u=Xx dv = Sen 5xdx
du

—=1 dv = | Sen 5x dx
o fav=]

du = dx V= ISen 5x dx

Veja que obtivemos uma 2° integral:

JSen 5x dx
Logo facamos:
t = 5x .[Sen 5x dx
dt_g JSen g4t
dx 5
dt=5-dx l.[Sent-dt:l-(—Cost):>—l-C055x
5 5 5
Dai:
V= J.Sen 5x dx
V= _1 Cos 5x
5
Temos:

X-Senb5xdx=u- —Iv-du
’1 Vool
X-Sen5xdx=x- —~-Cos 5x l—_[— - Cos 5x - dx

\ 5 ) 5

1 1
fx-SenSxdx:— - X - Cos 5x + jCosSx~dx

5 5

Veja que obtivemos uma 3° integral:
jCos 5x - dx
Marcelo Santos Chaves
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Logo fagamos:

W = 5x jCosSxdx
d—W:S '[Cosw-d—w
dx 5

dw=5-dx
5

lJ.Cosw-dW:>l-SenW:>l-Sen5x

5 5

Continuando coma integral primaria:

'[x'Sen5xdx:—l-x-C055x+l-l'8en5x

55

J.x-Sen5xdx:—l-x-C055x+—1 - Sen 5x

Por tanto:

2)  [In(1-x)dx
Solucéao:

Consideramos:

u=1In(1-x)

du_ 1

dx 1-x

du=-— ! o dx
1-x

Logo Fagamos:

25

_[x-Sen5xdx=—lox~C035x+—1 -Sen5x + C
5 25

dv =dx
Idv=jdx

V=X

u -dv=u-v—fv-du
}In(l—x) dx = In(1-x)- x—jx-(——l\-dx

.[In(l—x) dx = In(1 - x)- x+I XL

1-X

Ijl\J dx

Veja que obtivemos uma 2° integral:
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Logo facamos:

dw = ! v dx
t=Xx 1-x
dt _ L
-_1 dw = - dx
dx J. Il—x
dt = dx w=In(1-x)

Continuando com a integral primaria:
'[In(l—x) dx = In(1 - x)- x+I K (—lj - dx
1-—

Iln(l—x) dx =In(1-x)- x+ [t-w—_[w'dt]
'[In(l— x) dx=In(1-x)-x+ [x- In(1- x)—J‘In(l—x)o dx]

Iln(l— x) dx=In(1-x)- x+x-In(1- x)—IIn(l— X)- dx
Faca a transposicao:

jln(l -x) dx=M

Iln(l—x) dx=In(1-x)- x+x- In(l—x)—jln(l— X)- dx
M = In(1-x)- x+x-In(1-x) - M
M+M=In(1-x)-x+x-In(1-x)

2M =2 - [In(1 - x)- x]
M =In(1-x)- x

Por tanto:

.[In(l—x) dx=1In(1-x)-x+C

3) [tedt

Solucéo:

Consideramos:
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u=t dv =e . dt
du _ [t
dt—1 Idv_je -dt
du = dt V=Ie4‘-dt

Veja que obtivemos uma 2° integral:

J‘e4t' dt

Logo facamos:

je4t-dt
w =4t Iew-d—w
aw _ .
dt —.fW_ dw

l \

Z-e"dw

4
Entao:
V:ft'dt:l'ew-dw

4
Voltemos a integral primaria:
Iu-dv:u.v(_lj.v_qu .
_[te‘“ dt=t- =" —I—.e‘“.dt

4
[te dt:t'}(ie‘” —lJ.e‘”.dt
J.te“‘ dt:'f'}(Al-e‘“)g_/i.l.e“t
4

UL

4 16
Por tanto:

Ite4t dt:t-(l.e‘“\_l
L4 J 16
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4) I(x+1)-Cos 2x dx

Solucéo:

Consideramos:

u=x+1 dv = Cos 2x dx
du_, [dv = [cos 2x dx
dx

du = dx v:la-Sen 2X

Voltemos a integral primaria:

Iu'dv:u-v—J‘v'du
X+ 1)Cos 2x dx = x+1-l-Sen2x— l-Sen2x-dx
[(x+1) (x+1)

2

I(x+1)Costdx:(x+1)~l'8en 2x—lj Sen 2x - dx

2 2
J.(x+1)C032xdx:(x+1)-l-8enZX—%-(—l-Cos|x\

2 2 L 2 )

X+ 1)Cos2x dx=(x+1 -l-Sen2x—1~Cosx

[(x+1) (x+1)

2 4
Por tanto:

I(x+1)-Costdx:(x+1)-l-Sen2x—l'Cosx+C
2 4

5) len3xdx

Consideramos:

u=In3x dv = x dx
du_3 dv =| xdx
dx  3x '[ j
d ld V_XZ
u=_-dx =—

X 2

Voltemos a integral primaria:
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u-dv=u-v—|v-du

J. '[ x> x* 1

len 3X dx:ln3xo?— I?';dx
2

X 1
J.xln3xdx:ln3x—— —fx-dx
2 2

2
xIn3xdx=In3x.- > _1x°
2 2 2
2 2
lenSxdx:InSX-X_—Xj
2
Por tanto:
X2 X
J‘xln 3xdx=In3x-__ -+ ¢
2 4

6) ICossx dx

Solucéo:
Vamos reescrever a Integral:

Cos *x - Cosx - dx

Consideramos:

u=Cos >x dv = Cos x dx
d—uz—Z-Cosx-Senx Jdv:JCosxdx
dx

du=-2-Cosx-Senx-dx V=3Senx

Temos:
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J.Cos3xdx=Coszx-Senx—_[Senx-(—Z-Cosx-Senx-dx)
ICos3xdx:Coszx~Senx+2.|' Sen x - Cos x - Sen x - dx
ICos3xdx=Coszx-Senx+ZI Sen? x - Cos x - dx

ICOS?’X dx = Cos2x- Sen x+2j(1—Coszx)-Cos X - dx

ICos3x dx = Cos?x - Sen x+2ICos X - dx —Cos®x - dx
JCos3xdx:Coszx-Senx+2[ICosx-dx—JCos3x-dx]
ICos3x dx = Cos?x - Sen x+2-[Sen x—ICos3x-dx]

.[Cos3x dx = Cos?x-Sen x +2-Sen x—2.|'Cos3x~dx
Faca a transposigao:

ICos3x dx=M

ICos3x dx = Cos®x-Sen x+2-Sen x — 2[Cos3xvdx
M = Cos’x-Sen x +2-Sen x — 2M

M +2M = Cos?x-Sen x+2-Sen x

3M =Cos *x-Sen x + 2 - Sen x

M=1_~Coszx-8enx+_2~Senx
3 3
3 1 2 2
ICos X dx=7=-Cos“x-Sen x+ ~ -Senx
: >,
JCOSSXdx=—-(1—Sen2x)ASenx+—-Senx
3 3
J.Cossxdx:l-Senx—l<Sen3x+g-Senx
3 3 3
J‘Cos3xdx:Senx—1~Sen3x
3
Por tanto:

ICos3x dx=Senx—l-Sen3x+C
3
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7) J’eXCosxzdx

Solucéo:

Consideramos:

dv=Costx
u=e' 2
d_ g dv ={Cos* d
dx I v__[ 052 X
du=e"-dx v:2-Seng
Temos:

Iu 'dv=u-v—_|‘v-du

IeXCostx=eX'2-SenX—J‘2-Senx-ex-dx
2 2 2

jeXCostx:eX-Z-SenZ—ZJ'Senl-eX-dx
2 2 2

Veja que obtivemos uma 2° integral:

sen®. ¢ d
J‘enze X

Logo facamos:

dw = Sen )idx
t=¢ 2
ﬂ=eX Idw—.[Senxdx
dx 2
dt=¢"- dx W=—2'Cosi
2
Entao:

{t«dw=t~W—J.

v \
Senx-ex-dx:ex-|—2-Cosl|—J‘—Z-Cosx-ex-dx

2 \ 2) 2
J.Sen l-ex .dx=-e"-2-Cos X+2.[ex -Cos l-dx
2 2 2
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Continuando com a integral primaria:

jeXCodex=eX-Senx—j Senx-ex-dx
2
IeXCosgdx=eX~Sen—xz—r—eX'2-Cosx+zfex-Cosx- |
| de

2
_[eXCos—)gdx=eX-SenX+eX-2-Cosx—2T eX-Cosl-dx
2 2 2 2

2

Faca a transposicao:

J‘eXCosxdx=M
2
M:eX~SenX_+eX-2oC05X:2M
2 2
X X | x X
M+2M=¢e"-Sen +e-2-Cos
2 2
3M=eX~SenX_+eX'2-CosX_
2 2
M:1_~eX~SenX_+1_oeXo2~Cosx_
3 2 3 2
_[eXCostx=l-eX-Senx+l-ex-2-Cosx
2 3 2 3 2

Por tanto:

jex Cos X dx:l-eX-Sen XJrl-ex-Z-Cos X+C

2 3 2 3 2

8) J'\/;Inxdx

Solugéo:

Vamos reescrever a Integral:
1

_[XZ In x dx

Consideramos:
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u=Inx dv =x2dx
1
du 1 =
dx  x Idv :J X 2dx
du:l—dx \,:X_2 V:E-X%
X 5 c
2
Temos:
Ju-dv:u'v—jv'du
5
Jx on%— oni;l-_de
'[ Inxdx=|nx'g 5 X
2. ° .
Jﬁlnxdx=lnx.g-F{/F—gj'xz-xl-dx
2 2
I\/;Inxdx=lnx'_~§/x_2—_J'x’2 dx
5 5
3+l
'[\/;Inxdx=lnx'z‘s 7 _2 X°
5 53Erl
2 7
I\/;Inxdx=lnx'—-5 7 _2 x%
5 5 7
2
7
I\/}Inxdx:lnx-z_-s 7 2422
5 5 7
7
I\/}Inxdx:lnx'Z_.S Z—ixf
5 35
Por tanto:

J‘\/;Inxdx=25-lnx-5\/7—ﬁés7 Jx+c

9) ICos sec® x dx
Solucao:
Vamos reescrever a Integral:

_[ Cos sec® x - Cos sec X - dx
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Consideramos:

u = Cos sec x dv = Cos sec®x dx

du 2
=—Cos sec x - Cotg x Idv = ICos sec” x dx

dx

du = —Cos sec x - Cotg X - dx v =—Cotg x

Temos:

'[u -dv:u-v—jv-du

ICos sec’x dx = Cos sec x - (— Cotg x) — _[— Cotg x - (~ Cos sec x - Cotg x - dx)
J.Cos sec’®x dx = —Cos sec x - Cotg x — .[ Cotg x - Cos sec x - Cotg x - dx

ICos sec®x dx = —Cos sec x - Cotg x — _[ Cotg °x - Cos sec x - dx

_[Cos sec®x dx = —Cos sec x - Cotg X — _[(Cos sec’x — l)- Cos sec X - dx

J.Cos sec’®x dx = —Cos sec x - Cotg X — .[ Cos sec®x — Cos sec X - dx

J.Cos sec® x dx =—Cossecx-Cotg X — [ICos sec’ x- dx—J.Cos Secx- dx]

'[Cos sec® x dx = —Cossecx - Cotg X — jCos sec® x-dx + ICos secx-dx

J.Cos sec® x dx = —Cossecx- Cotg X + ICos secx-dx — ICos sec® x - dx

JCos sec’x dx = —Cos sec x - Cotg x + In|Cos sec x — Cotg ¥ — I Cos sec’x - dx

Faca a transposicao:

_[Cos sec®x dx =M

M =—Cossecx - Cotg x + In|Cos sec x — Cotg ¥ — M
M +M =—Cossecx - Cotg x + In|Cos sec x — Cotg X

2M = —Cossecx- Cotg x + In [Cossecx — Cotg X|

M=-— 1_ Cos sec x - Cotg x+_1 : In| Cos secx—Cotgr

2 2
_[Cos sec®x dx = — 1 Cos sec x - Cotg x + 1 In|Cos sec x — Cotg >|<
2 2
Por tanto:

ICos sec®x dx:—l'Cos secx'Cotgx+l'In|Cos secx—Cotg>1+C
2 2
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10) ijCos o xdx

Solucéo:
Consideramos:

2

U=X dv = Cosa X dx
d—u=2x jdVZICOSaXdX
dx 1
du =2x - dx v=_-Senax

a
Temos:

Iu -dv:u-v—jv-du

IXZCOSaX dx=x2-—1-8enax—J—1-Senax-Zx-dx

IXZCOSaX dx:xz-—l-Senax——ZI Sena x - X - dx
a a

Veja que obtivemos uma 2° integral:
J Sen arx - X - dx

Logo facamos:

t=X dw = Sen a x dx

at

dx_l J‘dw:J‘Sen a X dx

dt = dx w:—l-Cos ax
(04

Entao:

_[t-dW:t-W—Jw-d

t
JSenax-x-dx:x-( 1 )

—.Cos a X —I——l-Cosa X - dx
(04 a

_[Sena x-x-dx:—x-—l-Cosa x+—1J‘Cosa X - dx
Q

o
'[Senax-x-dx=—x-—l-Cosa x+—l-—18en ax
a a o
1 1
ISena X-X-dx=-x-_-Cosax X+__ ,5en gx
o o’

Continuando com a integral primaria:
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xZCosaxdx:xz-Senax—Z_ﬂ—Sen X - X - dx 1
x2Cosaxdx=x%Senax—-2-"'—x- -Cosax+ - -Sen ax
] |L1 .« @ )
IxZCosaxdx=x2-Sen ax+2x-_-CosaXx—"__,sen ax

a a?
Por tanto:

J‘x2Cosax dx = x*- Sen ax+2x-1-_Cos ax—z_.Sen ax+C
2
a a

11) I x*Sen x dx

Solucéo:
Consideramos:

u=x? dv = Sen x dx

d—u:2x jdv:jSenxdx

dx
du=2x.-dx V=-Cosx

Temos:
.[XZSenxdx:u-v—_[v-du

IXZSenxdx:xz-(—Cosx)—_[—Cosx-Zx-dx

f XZSenxdx:—xz.Cosx+ICosx.2x~dx
Veja que obtivemos uma 2° integral:

_[Cos X - 2X- dx
Logo facamos:

t=2x dw = Cos x dx

ﬂ:2 W:ICosxdx
dx
dt=2-dx W = Sen X

Continuando com a integral primaria:
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J.XZSenxdx:—x2-Cosx+ICosx-2x-dx
.[XZSenxdx:—xz-Cosx+ [t-w—_[w~dt]

J.x2 Sen x dx =—x*-Cos x+[2x-Sen x—ISenx-Z-dx]
_[xz Senx dx=—-x?-Cos X+ [Zx-Sen x—ZISen x-dx]
[x? senx dx=-x-Cos x+[2x-Sen x-2-(~Cos x)]
Ixz Sen x dx = —x?-Cos x +[2x-Sen x+2-Cos x|
J.x2 Sen x dx = —x°-Cos X+ 2x - Sen x + 2 - Cos X

Por tanto:

IXZSenxdx:—xz'Cosx+2xoSenx+2-Cosx+C

12) je“ Sen x dx

Solucéo:

Consideramos:

2X
‘éj:e dv = Sen x dx
au X
] =2-¢ jdv:jSenxdx
X
duzz_GZX_dX V:—COSX
Temos:

Iezx Senxdx:u-v—jv-du

Iezx Senxdx=e2x-(—Cosx)—j—Cosx-Z-eZX-dx

Iezx Sen x dx = —e* - Cos X + ZICos X - 2. dx
Veja que obtivemos uma 2° integral:
ICos X - e2%. dx

Logo facamos:
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2X
td:te dw = Cos x dx
d—zg.e“ W:jCosxdx
X
dt= 2 . e2*. dx w = Sen X

Continuando com a integral primaria:
Ie“ Sen x dx = —e?*- Cosx+ZI Cos x - e**- dx
Ie“ Sen xdx =—-e°*-Cos x + 2 - [t-W—J.W-dt]

Iezx Sen x dx = —e?* . Cos x+2-[e2X .Sen x—_[Sen x-2.e% -dx]
Ie“ Sen x dx = —e?*-Cos X + 2-e?*- Sen x—ZISen X-2-e°*.dx

Ie“ Sen x dx = —e?*-Cos x + 2-e°*- Sen x—4J'e2X~Sen X - dx
Faca a transposicéao:

je“ Senxdx=M

M =—e°*.Cos x + 2-e?*-Sen x —4M

M +4M =—e**-Cos x+2-e?*-Sen x

5M = —e?*. Cos X + 2 - 2*- Sen x

M=—1_~e“~ Cosx+2_~ e?*. Sen x
5 5

Por tanto: N 5
Ie“ Senx dx=—=-e2*.Cos x+ —-e*-Senx+C
5 5

13) ISen3x dx
Vamos reescrever a Integral:

J. Sen?x Sen x dx

Consideramos:

u=Sen’x dv = Sen x dx
d—u=2-Senx-Cosx jdv:jSenxdx
dx

du=2-Senx-Cosx - dx v =-Cos X
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Temos:

JSen3xdx:u-v—Jv-du
ISen3xdx=Sen2x-(—Cosx)—j—Cosx-Z-Senx-Cosx-dx
ISen3xdx=—Sen2x-Cosx+2jCoszx-Senx-dx

JSen3x dx = —Sen?x-Cos x+2j(1— Senzx)- Sen x - dx

JSen3x dx = —=Sen?x - Cos x+2j8en X -dx — Sen®x - dx

JSen3x dx = —-Sen?x - Cos x+2[jSen x-dx—_[SenSX-dx]
.[Sen3x dx = =Sen?x - Cos x+2_|'Sen x.dx—ZJ'Sen3x~dx

I Sen® x dx = -Sen®x - Cos x + 2 - [~ Cos x]- ZI Sen® x - dx
.[Sen3xdx:—Sen2x'Cosx—2Cosx—2.|' Sen® x - dx

Faca a transposicao:
ISen3x dx =M

M = -Sen”x - Cos X — 2Cos X —2M

M + 2M = —-Sen®x - Cos x — 2C0s X

3M =—-Sen’x - Cos x — 2Cos x

M:—£~Sen2x-Cosx—E- Cos X
3 3

Por tanto:

ISen3xdx:—l~Senzx-Cosx—goCosx+C
3 3
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APENDICE A
Tabela de Identidades Trigonométricas

sen?x + cos?x = 1

1 + tg?x = sec?x

1 + cotg?x = cosec?x

sen (-X) = -sen x

€os (-x) = cos X

tg (-x) = -tg x

sen 2X = 2 Senx.cos X

COS 2X = €0S?X - sen®x = 1 - 2 sen®x = 2 cos?x - 1

b l-cosx
SEN — = 1‘—
E| 2

bid 1+ cosx
Cos = g J—_—
2 2

tg B_locosx _senx SENE.COS Y= L [zen(z-v) + sen(x+ ¥
2 Sen X 1+ cosx 2
et X.seny=% [cos (x-v) - cos (x+ ¥7)) COS . COS 5.r=1§ [cos(x-w) + cos(x+ 7))
1 Z-¥ ity
COS X BN Y = E[sen (z+v) - sen(x-v)] SENLX - Sen Y = 2sen > L0 >
SEN X cnsx=%sen2x 1-cnsx=25&n2§

2

X
l+cosx=2cos E

cos 28 = |:Ds2 & - s&:n2 &
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APENDICE B

Tabela de Derivadas Usuais

Funcéao (y) Derivada (y’)
y=u" =y'=nu""u'
y=uv =y'=u'v+v'u
y=" :y._u'v—v'u
v V2
y=a" = y'=a'(lna)u’, (a>0a=l)
y=e' =y'=eu’
. u’
y = log, u =Yy _U Ioge
1 1 1
y=Inu =Yy =_U
u
y=u" =y'=vulu+u(nu)v'
y=senu =y'=u'cosu
y=cosu =y'=-u'senu
y=tgu =vy'=u"sec’u
y=cotg u =y '=-u"'cosec’u
y=secu =y'=u'secutgu
y = COsec u = Yy '=—Uu'cosec u cotg u
; u’
y =arc sen u =Yy =
1—u?
' -u’
y =arc cos u Sy'=— —
1-u?
=y u
=arctgu =
J ; 1+u
—-u'
=arccotgu = ,
y J l+u
=y'= v u>1
=arc sec u,|u/>1 T—
y | | |U| ,Uz—l | |
3y._L o1
=arc cosec u,|u[>1 - :
y u =y

Marcelo Santos Chaves
CALCULO I: LIMITES, DERIVADAS E INTEGRAIS
Exercicios Resolvidos e Comentados




APENDICE C

Tabela de Integrais

93

Integrais Usuais

ua+l
_[du=u+C =Iy+C J'u“du: +C
a+1
U
Ia wu=24c Ie”du:e“+C Isenu du=—cosu+C
Ina

Icosu du=senu+C Itgu du = Insecu|+ C

Icotgu du = Ingenu |+ C

I cosecudu = In cosecu-— cotgy + C Isecu du = Injsecu + tgy + C

Iseczu du=tgu+C

Icoseczu du=-cotgu + C .fsecu.tgu du=secu+C

I cosecu.cotgu du = - cosecu+ C

I Ddu J' 2du : :Earctg§+c

—arcsen +C
a“+u a

I u 1 arcsecH +C
Wu_z—:az a a

Isenhu du = coshu + C Icoshu du =senhu + C

~fsechzu du=tghu+C

jcosechzu du = - cotghu + C Isechu.tghu du=-sechu+C

_fcosechu.cotghu du = - cosechu+ C

d 1
Jom-

JDdu InL F}LC

a

_mra C [ -
_u2 2a |u-a um a u

+C

Formulas de Recorréncia

1 n-1
jsen”u du=—"sen™u.cosu+ ——jsen”‘zu du
n n

1 n-1
Icos"u du ="cos"u.senu+ —Icos”‘zu du
n n
ftg udu= t ftg "2y
1

I cotg"u du = ——1 cotg™u - jcotg”'zu du
n-1

1 -2
Isec”u du = sec™u.tg u + =2 Isec”‘zu du
n-1 n-=

1 n—2
f cosec"udu=—" %osec”‘zu.cotg u+ 1[ cosec™u du
n -

n-
Idiuzu.(u%az)l” 2n-3 I du
(u2+a2)n m 2a%(n-1) (u2+a2)n—1
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